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Introduction

Motivations
▸ Multi-agent systems are a way to model decentralised problem solving
(privacy, distribution)

▸ Agents, having personal goals and constraints, negotiate as to reach a global
equilibrium

⇒ distributed problem solving using agents

Approaches
▸ Classical CSP solver extensions
▸ Classical local search solver extensions
▸ Other points of view:

▸ Population-based algorithms
▸ Cooperation-based solving
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Constraint Satisfaction Problems [Dec03]

Definition (CSP)

A CSP is a triplet ⟨X ,D, C⟩ such as:
▸ X = {x1 , . . . , xn} is the set of variables to instantiate.
▸ D = {D1 , . . . ,Dm} is the set of domains. Each variable xi is related to a domain
of value.

▸ C = {c1 , . . . , ck} is the set of constraints, which are relations between some
variables from X that constrain the values the variables can be simultaneously
instantiated to.

Definition (Solution to a CSP)

A solution to a CSP is a complete assignment of values from D to variables from X
such that every constraint in C is satisfied.
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Issues in CSP

Classical CSPs
▸ Constraint satisfaction is NP-complete in general
▸ Constraints are generally expressed as binary constraints
▸ The topology of a constraint-based problem can be represented by a
constraint network, in which vertexes represent variables and edges represent
binary constraints between variables

Extensions
▸ Distribution : variables, constraints

▸ ex.: constraint ci belongs to stakeholder j, ϕ(ci) = j (or belongs(ci , j))

▸ Dynamics : adding removing variables and/or constraints at runtime
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Multi-Agent Approaches to CSP

▸ Complete and asynchronous solvers for combinatorial problems, within
the DisCSP framework, such as Asynchronous Backtracking (ABT) or
Asynchronous Weak-Commitment Search (AWCS)

▸ Distributed local searchmethods, such as Distributed Breakout Algorithm
(DBA) or Environment, Reactive rules and Agents (ERA) approach

▸ Population-basedmethods, such as Particle Swarm Optimisation (PSO) or
Ant Colony Optimisation (ACO)

▸ Self-organisingmethods inspired by the previous ones
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Asynchronous Algorithms for DisCSP

Idea
▸ Inspired by classical centralised algorithms to solve CSP
▸ Each agent is responsible for assigning one (or several) variables
▸ Agents propose values to some other agents (depending on the organisation
i.e. constraint network)

Main algorithm: Asynchronous backtracking (ABT) [Yok01]
▸ Agents will perform a distributed version of the backtracking procedure
▸ ABT is complete
▸ Extensions exist to handle dynamics

Definition (DisCSP or DCSP)

A DisCSP (or DCSP) is a 5-uplet ⟨A, X ,D, C, ϕ⟩where ⟨X ,D, C⟩ is a CSP, A is a set of
agents and ϕ ∶ X ↦ A is a function assigning variables from X to agents from A.
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Centralised Backtracking

15 Self-Organisation in Constraint Problem Solving 7

be simultaneously instantiated to. Therefore, making a decision consists in finding
a solution, for instance a complete and consistent assignment of X . Constraint satis-
faction is NP-complete in general. In DisCSP, distribution can affect either variables
or constraints. Most approaches consider the first kind of distribution by defining a
function ! (also defined by a predicate belongs) that bounds variables to stakehold-
ers (agents for example): !(ci) = j (or belongs(ci, j)) means that the constraint ci
belongs to stakeholder j. In most approaches, agents concurrently behave during
a loop consisting in waiting for messages and reacting to received messages. Such
messages contain information about the chosen values, the conflictual values, the
violated constraints or even organisational information such as priorities.The topol-
ogy of a constraint-based problem can be represented by a constraint network, in
which vertexes represent variables and edges represent binary constraints2 between
variables.

15.3.1.1 Asynchronous Algorithms for DisCSP

As mentioned before, there exist numerous centralised and efficient methods to
tackle constraint-based problems. Therefore, it is not surprising to utilise them as
inspiration for developing distributed constraint solvers. The most famous are the
classical backtracking, inspired by Algorithm 1 and the weak-commitment search
[34], which led to the first distributed constraint solvers, ABT (Asynchronous Back-
tracking) and AWCS (Asynchronous Weak-Commitment Search) [35].

i! 0
D"
i ! Di
while 0# i< n do

xi ! null
ok?! f alse
while not ok? and D"

i not empty do
a! a value from D"

i
remove a from D"

i
if a is in conflict with {x0, . . .,xi$1} thenxi ! a

ok?! true
end

end
if xi is null then backtrack

i! i$1
else

i! i+1
D"
i ! Di

end
end

Algorithm 1: A classical centralised backtracking search method

2 One can note that not all the constraints are binary; but for many problems, n-ary constraints can
be transformed into binary constraint by adding new constraints and variables [2].

Algorithm 1: A classical centralised backtracking search method
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Asynchronous Backtracking (ABT)algorithms for distributed constraint satisfaction 193

when received (ok?, (xj , dj)) do — (i)
revise agent view;
check agent view;

end do;

when received (nogood, xj , nogood) do — (ii)
record nogood as a new constraint;
when nogood contains an agent xk that is not its neighbor
do request xk to add xi as a neighbor,
and add xk to its neighbors; end do;

old value ! current value; check agent view;
when old value = current value do

send (ok?, (xj , current value)) to xj ; end do; end do;

procedure check agent view
when agent view and current value are not consistent do
if no value in Di is consistent with agent view then backtrack;
else select d " Di where agent view and d are consistent;
current value ! d;
send (ok?, (xi, d)) to neighbors; end if; end do;

procedure backtrack
generate a nogood V — (iii)
when V is an empty nogood do
broadcast to other agents that there is no solution,

terminate this algorithm; end do;
select #xj!dj$ where xj has the lowest priority in a nogood;
send (nogood, xi, V ) to xj ;
remove #xj!dj$ from agent view;
check agent view;

Figure 4. Procedures for receiving messages (asynchronous backtracking).

with the higher priority agents according to its agent view, we cannot use a simple
control method such as xi orders a higher priority agent to change its value, since
the agent view may be obsolete. Therefore, each agent needs to generate and com-
municate a new nogood, and the receiver of the new nogood must check whether
the nogood is actually violated based on its own agent view.
The completeness of the algorithm (i.e., always finds a solution if one exists, and

terminates if no solution exists) is guaranteed [27]. The outline of the proof is as
follows. First, we can show that agent x1, which has the highest priority, never falls
into an infinite processing loop. Then, assuming that agents x1 to xk%1 #k > 2$ are
in a stable state, we can show that agent xk never falls into an infinite processing
loop. Therefore, we can prove that the agents never fall into an infinite processing
loop by using mathematical induction.

5.1.2. Example. We show an example of an algorithm execution in Figure 5. In
Figure 5 (a), after receiving ok? messages from x1 and x2, the agent view of x3
will be &#x1! 1$! #x2! 2$'. Since there is no possible value for x3 consistent with this
agent view, a new nogood &#x1! 1$! #x2! 2$' is generated. x3 chooses the lowest prior-

Algorithm 2: ABT Procedures

194 yokoo and hirayama

(a)

X1

X3
{1, 2}

{2}
X2

(ok?, (X2, 2))(ok?, (X1, 1))
agent_view
   {(X1, 1),(X2, 2)}

{1, 2}

X1

X3
{1, 2}

{2}
X2

(nogood,{(X1, 1)})

(c)

{1, 2}

(b)

X1

X3
{1, 2}

{2}
X2

(nogood,
   {(X1, 1),(X2, 2)})

new link{1, 2}
agent_view
   {(X1, 1)}

add neighbor request

Figure 5. Example of an algorithm execution (asynchronous backtracking).

ity agent in the nogood, i.e., x2, and sends a nogood message. After receiving this no-
good message, x2 records it. This nogood, !"x1! 1#! "x2! 2#$, contains agent x1, which
is not a neighbor of x2. Therefore, a new link must be added between x1 and x2. x2
requests x1 to send x1’s value to x2, adds "x1! 1# to its agent view (Figure 5 (b)), and
checks whether its value is consistent with the agent view. The agent view !"x1! 1#$
and the assignment "x2! 2# violate the received nogood !"x1! 1#! "x2! 2#$. However,
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Asynchronous Backtracking (ABT) (cont.)

Remarks
▸ Fixed ordered organisation

▸ Agents only communicate with agents with lower priority for ok?
▸ Agents only communicate with the agent with direct higher priority for nogood

▸ No termination procedure is given (but it is easily implemented using
Dijkstra’s tokens)

▸ Really distributable
▸ What if x0 disappears?...

Extensions and Filiation
▸ Changing ordering in every conflict with AWCS [Yok01]
▸ Satisfaction→Optimisationwith ADOPT (Asynchronous B&B) [MSTY05] or
APO [ML06]

▸ Adding new agents at runtime in DynAPO [Mai05]
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AsynchronousWeak-Commitment Search (AWCS) [Yok01]

algorithms for distributed constraint satisfaction 195

there is no other possible value for x2. Therefore, x2 generates a new nogood
!"x1! 1#$, and sends a nogood message to x1 (Figure 5 (c)).

5.2. Asynchronous weak-commitment search

5.2.1. Algorithm. One limitation of the asynchronous backtracking algorithm is
that the agent/variable ordering is statically determined. If the value selection of a
higher priority agent is bad, the lower priority agents need to perform an exhaus-
tive search to revise the bad decision. The asynchronous weak-commitment search
algorithm [25, 27] introduces the min-conflict heuristic to reduce the risk of mak-
ing bad decisions. Furthermore, the agent ordering is dynamically changed so that
a bad decision can be revised without performing an exhaustive search.
In Figure 6, the procedure executed at agent xi for checking agent view is de-

scribed (other procedures are basically identical to those for the asynchronous back-
tracking algorithm). The differences between this procedure and that for the asyn-
chronous backtracking algorithm are as follows.

— A priority value is determined for each variable, and the priority value is com-
municated through the ok? message. The priority order is determined by the
communicated priority values, i.e., the variable/agent with a larger priority
value has higher priority (ties are broken using the alphabetical order).

procedure check agent view
when agent view and current value are not consistent do
if no value in Di is consistent with agent view then backtrack;
else select d % Di where agent view and d are consistent

and d minimizes the number of constraint violations
with lower priority agents; — (i)

current value & d;
send (ok?, (xi, d, current priority)) to neighbors;

end if; end do;

procedure backtrack
generate a nogood V ;
when V is an empty nogood do
broadcast to other agents that there is no solution,
terminate this algorithm; end do;

when V is a new nogood do — (ii)
send V to the agents in the nogood;
current priority & 1+ pmax,

where pmax is the maximal priority value of neighbors;
select d % Di where agent view and d are consistent,
and d minimizes the number of constraint violations
with lower priority agents;

current value & d;
send (ok?, (xi, d, current priority)) to neighbors; end do;

Figure 6. Procedure for checking agent view (asynchronous weak-commitment search).

Algorithm 3: AWCS Procedures

196 yokoo and hirayama

— If the current value is not consistent with the agent view, i.e., some constraint
with variables of higher priority agents is not satisfied, the agent changes its
value using the min-conflict heuristic (Figure 6 (i)).

— When xi cannot find a consistent value with its agent view, xi sends nogood
messages to other agents, and increases its priority value (Figure 6 (ii)). If xi

cannot generate a new nogood, xi will not change its priority value but will wait
for the next message. This procedure is needed to guarantee the completeness
of the algorithm.

The completeness of the algorithm is guaranteed. An overview of the proof is as
follows. The priority values are changed if and only if a new nogood is found. Since
the number of possible nogoods is finite, the priority values cannot be changed
infinitely. Therefore, after a certain time point, the priority values will be stable.
If the priority values are stable, the asynchronous weak-commitment search algo-
rithm is basically identical to the asynchronous backtracking algorithm. Since the
asynchronous backtracking is guaranteed to be complete, the asynchronous weak-
commitment search algorithm is also complete.
Note that the completeness of the algorithm is guaranteed by the fact that the

agents record all nogoods found so far. In practice, we can restrict the number of
recorded nogoods, i.e., each agent records only a fixed number of the most recently
found nogoods.

5.2.2. Example. An execution of the algorithm is illustrated using the distributed
4-queens problem. The initial values are shown in Figure 7 (a). Agents communicate
these values with each other. The values within parentheses represent the priority
values. The initial priority values are 0. Since the priority values are equal, the
priority order is determined by the alphabetical order of the identifiers. Therefore,
only the value of x4 is not consistent with its agent view.
Since there is no consistent value, x4 sends nogood messages and increases its

priority value. In this case, the value minimizing the number of constraint violations
is 3, since it conflicts with x3 only. Therefore, x4 selects 3 and sends ok? messages
to the other agents (Figure 7 (b)). Then, x3 tries to change its value. Since there is
no consistent value, x3 sends nogood messages, and increases its priority value. In
this case, the value that minimizes the number of constraint violations is 1 or 2. In
this example, x3 selects 1 and sends ok? messages to the other agents (Figure 7 (c)).
After that, x1 changes its value to 2, and a solution is obtained (Figure 7 (d)).

x1
x2
x3
x4

(0)

(a) (b) (c) (d)

(0)
(0)
(0)

(0)
(0)
(0)
(1)

(0)
(0)
(2)
(1)

(0)
(0)
(2)
(1)

Figure 7. Example of an algorithm execution (asynchronous weak-commitment search).
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Distributed Local Search Approaches

Local Search (LS)
▸ LS algorithms explore the search space from state to state
▸ Always tend to improve the current state of the system
▸ Can naturally handle dynamics (adding constraints, changing values)
▸ Time efficient
▸ Not complete and require some subtle parameter tuning

10 Glize and Picard

The fixed organisation in the previous algorithms reduces drastically the principle
of locality (see Sect. 15.2.1) and therefore the robustness to agent disappearance and
dysfunctions. In fact, organisations such as total order or pseudo-tree organisation
may lead to a centralised failure point. However, the actions of the agents are local:
agents only change their own values, and directly communicate using asynchronous
messages. In these complete algorithms, the only source of non-determinism is the
order of agents’ actions, but not the actions themselves, due to the asynchronous ex-
ecution. However, AWCS is a first step towards self-organisation: the order changes
during the solving process with respect to the sequence of events. In APO ap-
proaches, the mediator role depends also on the sequence of events and the problem
topology.

15.3.2 Distributed Local Search Approaches

Local search (LS) algorithms explore the search space from state to state, from com-
plete assignment to complete assignment. They mainly behave as presented in Al-
gorithm 2. The main advantage of this anytime behaviour is that it can naturally
handle dynamics (adding constraints, changing values) because it always tends to
improve the current state of the system, and more specifically, when the state has
been altered by environmental disturbances. Even if often time efficient, they are
not complete and require some subtle parameter tuning.

choose an initial assignment s(0)
while s(t) not terminal do

select an acceptable move m(t) to another assignment
apply move m(t) to reach s(t+1)
t := t+1

end
Algorithm 2: A generic centralised local search algorithm

15.3.2.1 Classical Centralised LS Algorithms

Many methods or metaheuristics exist to implement LS, which involve different
termination criteria and acceptable moves. Such termination criteria can be time,
number of iteration or a distance to the solution, for instance. In general, such al-
gorithms are used for global optimisation, and are really efficient, but not complete.
In tabu search [10], acceptable moves are moves that diminish the cost of the so-
lution (for example the number of violated constraints), but that are not in a tabu
list consisting of the n last visited states as to avoid local minima. The size n of the
list strongly depends on the search space configuration, and is often difficult to set.
Simulated annealing [17] specifies acceptable moves using an analogy to thermo-

Algorithm 4: A generic centralised local search algorithm

Multi-Agent Constraint Problem Solving 13 / 39
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Classical Centralised LS Algorithms

Common points
▸ Initial point (ex: randomly chosen)
▸ Termination criterion (ex: limit time, δ improvement)
▸ Acceptable move (ex: +є)

Famous LSMethods
▸ Tabu search [GL97]
▸ Simulated annealing [KGV83]
▸ Iterative Breakout method [Mor93]

Multi-Agent Constraint Problem Solving 14 / 39
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Distributed Breakout Algorithm (DBA)

198 yokoo and hirayama

x1

x2

x3 x4

x5

x6

Figure 8. Example of a distributed graph-coloring problem.

Then, the improvements of x1!x3!x4, and x6 are 1, and the improvements of x2
and x5 are 0. The agents that have the right to change their values are x1 and x3
(each of which precedes in alphabetical order within its own neighborhood). These
agents change their value from white to black (Figure 10 (c)). Then, the improve-
ment of x2 is 4, while the improvements of the other agents are 0. Therefore, x2
changes its value to white, and all constraints are satisfied (Figure 10 (d)).

wait ok? mode — (i)
when received (ok?, xj , dj) do
add (xj , dj) to agent view;
when received ok? messages from all neighbors do

send improve;
goto wait improve mode; end do;

goto wait ok mode; end do;

procedure send improve
current eval ! evaluation value of current value;
my improve ! possible maximal improvement;
new value ! the value which gives the maximal improvement;
send (improve, xi, my improve, current eval) to neighbors;

wait improve? mode — (ii)
when received (improve, xj , improve, eval) do
record this message;
when received improve? messages from all neighbors do
send ok; clear agent view;
goto wait ok mode; end do;

goto wait improve mode; end do;

procedure send ok
when its improvement is largest among neighbors do
current value ! new value; end do;

when it is in a quasi-local-minimum do
increase the weights of constraint violations; end do;

send (ok?, xi, current value) to neighbors;

Figure 9. Procedures for receiving messages (distributed breakout).

Algorithm 5: DBA Message Handler

algorithms for distributed constraint satisfaction 199
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Figure 10. Example of algorithm execution (distributed breakout).

5.4. Distributed consistency algorithm

Achieving 2-consistency by multiple agents is relatively straightforward, since the al-
gorithm can be achieved by the iteration of local processes. In [19], a distributed
system that achieves arc-consistency for resource allocation tasks was developed.
This system also maintains arc-consistency, i.e., it can re-achieve arc-consistency
after dynamic changes in variables/values/constraints with a small amount of com-
putational effort by utilizing dependencies.

Also, a higher degree of consistency can be achieved using the hyper-resolution-
based consistency algorithm [5]. In [29], a distributed consistency algorithm that
achieves k-consistency is described. In this algorithm, agents communicate nogoods
among themselves, and generate new nogoods whose length are less than k using
the hyper-resolution rule.

6. Extensions of problem formalization

6.1. Handling multiple local variables

So far, we assume that each agent has only one local variable. Although the devel-
oped algorithms can be applied to the situation where one agent has multiple local
variables by the following methods, both methods are neither efficient nor scalable
to large problems.

Method 1: each agent finds all solutions to its local problem first.
By finding all solutions, the given problem can be re-formalized as a distributed
CSP, in which each agent has one local variable whose domain is a set of obtained
local solutions. Then, agents can apply algorithms for the case of a single local
variable. The drawback of this method is that when a local problem becomes
large and complex, finding all the solutions of a local problem becomes virtually
impossible.

Method 2: an agent creates multiple virtual agents, each of which corresponds to
one local variable, and simulates the activities of these virtual agents.
For example, if agent k has two local variables xi!xj , we assume that there exist
two virtual agents, each of which corresponds to either xi or xj . Then, agent
k simulates the concurrent activities of these two virtual agents. In this case,
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5.4. Distributed consistency algorithm

Achieving 2-consistency by multiple agents is relatively straightforward, since the al-
gorithm can be achieved by the iteration of local processes. In [19], a distributed
system that achieves arc-consistency for resource allocation tasks was developed.
This system also maintains arc-consistency, i.e., it can re-achieve arc-consistency
after dynamic changes in variables/values/constraints with a small amount of com-
putational effort by utilizing dependencies.

Also, a higher degree of consistency can be achieved using the hyper-resolution-
based consistency algorithm [5]. In [29], a distributed consistency algorithm that
achieves k-consistency is described. In this algorithm, agents communicate nogoods
among themselves, and generate new nogoods whose length are less than k using
the hyper-resolution rule.

6. Extensions of problem formalization

6.1. Handling multiple local variables

So far, we assume that each agent has only one local variable. Although the devel-
oped algorithms can be applied to the situation where one agent has multiple local
variables by the following methods, both methods are neither efficient nor scalable
to large problems.

Method 1: each agent finds all solutions to its local problem first.
By finding all solutions, the given problem can be re-formalized as a distributed
CSP, in which each agent has one local variable whose domain is a set of obtained
local solutions. Then, agents can apply algorithms for the case of a single local
variable. The drawback of this method is that when a local problem becomes
large and complex, finding all the solutions of a local problem becomes virtually
impossible.

Method 2: an agent creates multiple virtual agents, each of which corresponds to
one local variable, and simulates the activities of these virtual agents.
For example, if agent k has two local variables xi!xj , we assume that there exist
two virtual agents, each of which corresponds to either xi or xj . Then, agent
k simulates the concurrent activities of these two virtual agents. In this case,
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Distributed Breakout Algorithm (DBA) (cont.)

Principles of DBA [Yok01]
▸ Distribution difficulties:

(i) if two neighbouring agents concurrently change their value, the systemmay
oscillate

(ii) detecting the fact that the whole system is trapped in local minimum requires the
agents to globally exchange data

▸ DBA answers:
(i) for a given neighbourhood, only the agent that canmaximally improve the

evaluation value is given the right to change its value
(ii) agents only detects quasi-local-minimum, which is a weaker local-minimum that

can be detected only by local interactions
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Distributed Breakout Algorithm (DBA) (cont.)

Remarks
▸ Distributed version of the iterative breakout algorithm
▸ Two-mode behaviour alternating between exchange of potential
improvement and exchange of assignments

3 There is no order over the agents society→ neighbourhoods
▸ The system halts if a solution is found or if the weight of constraints have
reached a predefined upper bound
→ the only difficult parameter to set

7 DBA is not complete

3 DBA is able to detect the termination or a global solution only by reasoning
on local data.
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Environment, Reactive rules and Agents (ERA) [LJT02]

Components
▸ A discrete grid environment, that is used as a communication medium
▸ Agents that evolves in some regions of the grid (their domain)

▸ Agents move synchronously
▸ Agents cannot move in the domain of other agents, but can mark it with the

number of potential conflicts
▸ These marks represents therefore the number of violated constraints if an agent

chooses the marked cell
▸ Rules (moves) that agent follow to reach an equilibrium

▸ 3 possible actions
▸ least-move: the next cell is the one with minimum cost
▸ better-move: the next cell is randomly chosen and if it has less conflicts than the actual

one the agent moves else the agent rests
▸ random-move: the next cell is randomly chosen

▸ A decision consists in a randomMonte-Carlo choice of the action to perform
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Environment, Reactive rules and Agents (ERA) [LJT02] (cont.)

15 Self-Organisation in Constraint Problem Solving 13

ABT, AWCS or DBA, agents move synchronously as presented in Algorithm 4.
Each agent, when it chooses a position within its environment, increments the con-
flict values of the cells with which it is in conflict, with respect with the constraints
of the DisCSP, and decrements the values of the cells with which it is not in conflict
anymore. These values represents therefore the number of violated constraints if an
agent chooses the marked cell. Agents move by reasoning as in local search meth-
ods. There are three different possible move behaviours: least-move, better-move
and random-move; each of them being associated with a probability, as in simu-
lated annealing. A decision consists in a random Monte-Carlo choice of the action
to perform. The least-move action move the agent to the cell with minimum cost.
The better-move action randomly chooses a cell; if its cost is better than the current
one, the agent moves, else it rests. Finally, the random-move action aims at exiting
from local minima in which there is no better cell, by accepting to move even if it
degrades the current solution.

t ! 0
initialise the grid to 0 violation in each cell; foreach agent i do

randomly move to a cell of row i
end
while t < tmax and no solution do

foreach agent i do
select a move behaviour
compute new position
decrease markers in all cells with past violations
increase markers in all cells with new violations

end
t ! t+1

end
Algorithm 4: ERA outline (extracted from [18])

When every agent is on a cell with a cost equal to 0, the solution is found. As
the environment is used to communicate and coordinate the agents, there is no asyn-
chronous mechanisms and message handling. In counterpart, the environment often
represents a synchronisation point, that can lead to high synchronous solving pro-
cess with no benefit from distribution, in case of high connected constraint networks.
ERA quickly finds assignments close to the solution, which can be interesting for
repairing issues in optimisation problems. One major flaw of this self-organising
approach is the redundant usage of random choices (for choosing the action to do,
and then to choose a cell), which produce a non guided method, close to random
walk, and non complete. Contrary to all the distributed algorithm that have been
presented, ERA requires a resource shared by the agents: the grid. It can be split,
but it may require a lot of messages for update and consistency check. Finally, con-
cerning termination, ERA requires a time limit (tmax) which is as difficult to set as
the upper bound of DBA, since it is strongly problem dependant.

Algorithm 6: ERA Outline
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Fig. 5. The violation numbers are updated, when agent a1 moves to a new position by executing a least-move
behavior.

2.1.4. Local reactive behaviors
In order to reach a solution state, the agents will select and execute some predefined

local reactive behaviors, namely, better-move, least-move, and random-move. Later in
Section 4, we will investigate the effectiveness of these reactive behaviors by examining
the performance of the ERA system with behavior prioritization and/or different selection
probabilities.

2.1.4.1. least-move. An agent moves to a minimum-position with a probability of least-
p. If there exists more than one minimum-position, we let the agent choose the first one on
the left of the row. The least-move behavior can be expressed as follows:

!!l (x, y) = "(y). (2)

Note that in this function, the result will not be affected by the current x , and the number
of computational operations to find the position for each i is |Di | ! 1.

Example 2.3. Fig. 5 shows that when agent a1 performs a least-move, it will first compute
!!l (2,1) = "(1) = 5, and thereafter move to (5,1).

2.1.4.2. better-move. An agent moves to a position that has a smaller violation number
than its current position with a probability of better-p. It will randomly select a position and
then compare its violation number to decide whether or not it should move to this position.
We use function Random(k) to get a random number of uniform distribution between 1
and k. This behavior can be defined using function !!b:

!!b =
!

x, when e(Random(|Dy |), y).violation! e(x, y).violation,
Random(|Dy |), when e(Random(|Dy |), y).violation< e(x, y).violation.

(3)

Although it may not be the best choice for the agent, the computational cost required
for this behavior is much less than that of least-move. Only two operations are involved for
deciding this move, i.e., producing a random number and performing a comparison. This
behavior can readily find a position to move to especially when the agent is currently at a
larger violation position.
As will be shown in Section 4, the better-move behavior plays an important role in

bringing down the number of global constraint violations in a few time steps.

Example 2.4. Fig. 6 shows that when agent a1 performs a better-move, it will com-
pute !!b(2,1). Suppose that Random(6) = 3(|D1| = 6). Thus, !!b(2,1) = 3, since
e(2,1).violation> e(3,1).violation. The new assignment will become "3,2,4#. Although
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Fig. 6. The violation numbers are updated, when agent a1 moves to a new position by executing a better-move
behavior.

Fig. 7. The violation numbers are updated, when agent a1 moves to a new position by executing a random-move
behavior.

this assignment is not an exact solution, it is a better approximate solution than the as-
signment of !2,2,4" as in Fig. 5, because the new state has only one constraint, X1 > X3,
unsatisfied.

2.1.4.3. random-move. An agent moves randomly with a probability of random-p.
random-p will be relatively smaller than the probabilities for selecting better-move and
least-move behaviors. It is somewhat like a random-walk in local search. For the same
reason as in local search, random-move is necessary because without randomized moves
the system will get stuck in local-optima, that is, all the agents are at minimum-positions,
but not all of them at zero-positions. In the state of local-optima, no agent will move to a
new position if using the behaviors of better-move and least-move alone. Thus, the agents
will lose their chance of finding a solution if without any techniques to avoid getting stuck
in local-optima.
random-move can be defined using function !#r :

!#r (x, y) = Random(|Dy |). (4)

Example 2.5. Fig. 7 shows that when agent a1 performs a random-move, it will randomly
produce a number. If Random(6) = 1, it will move to (1,1). If Random(6) = 3, it will
move to (3,1).

2.1.5. System schedule
The multi-agent system proposed in this paper is concurrent and discrete in nature, with

respect to its space, time, and state space. In the present simulated implementation, the
system will use a discrete clock to synchronize its operations, as shown in Fig. 8. It works
as follows:

• time step= 0: The system is initialized. We place n agents into the environment, a1 in
row1, a2 in row2, . . . , an in rown. The simplest way to place the agents is to randomly
select positions. That is, for ai , we set a position of (Random(|Di |), i).

• time step $ time step + 1: For each time step, which means one unit increment of
the system clock, all agents will have a chance to decide their moves, that is, whether
to move or not and where to move, and then move synchronously.
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Example 2.5. Fig. 7 shows that when agent a1 performs a random-move, it will randomly
produce a number. If Random(6) = 1, it will move to (1,1). If Random(6) = 3, it will
move to (3,1).

2.1.5. System schedule
The multi-agent system proposed in this paper is concurrent and discrete in nature, with

respect to its space, time, and state space. In the present simulated implementation, the
system will use a discrete clock to synchronize its operations, as shown in Fig. 8. It works
as follows:

• time step= 0: The system is initialized. We place n agents into the environment, a1 in
row1, a2 in row2, . . . , an in rown. The simplest way to place the agents is to randomly
select positions. That is, for ai , we set a position of (Random(|Di |), i).

• time step $ time step + 1: For each time step, which means one unit increment of
the system clock, all agents will have a chance to decide their moves, that is, whether
to move or not and where to move, and then move synchronously.
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Environment, Reactive rules and Agents (ERA) [LJT02] (cont.)

Remarks
▸ The environment is the communication medium

3 There is no asynchronous mechanisms and message handling
7 Synchronisation point: high synchronous solving process with no benefit from

distribution, in case of high connected constraint networks

3 ERA quickly finds assignments close to the solution→ repairing issues

7 Redundant usage of random choices: non-guided method, close to random
walk, and non complete

7 Termination: ERA requires a time limit (tmax) (problem-dependant)
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DCOP Framework

Motivations
▸ In dynamic and complex environments not all constraints can be satisfied
completely

▸ Satisfaction→Optimisation (combinatorial)
▸ ex: minimizing the number of unchecked constraints, minimizing the sum of the

costs of violated constraints, etc.

Definition (DCOP)

A DCOP is a DCSP ⟨A, X ,D, C, ϕ⟩with
▸ a cost function fij ∶ Di × Dj ↦ N ∪∞ for each pair xi , xj
▸ an objective function F ∶ D↦ N ∪∞ evaluating an assignmentAwith
fij(di , dj) for each pair xi , xj
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DCOP Framework (cont.)
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Fig. 1. (a) Example constraint graph. (b) An example ordering formed from the constraint graph
in (a). (c) Flow of VALUE and VIEW messages between agents.

3.2 Simple Adopt

Procedures from the Simple-Adopt algorithm are shown in Figure 2. represents the
agent’s local variable and represents its current value. The algorithm begins by each
agent choosing a value for its variable concurrently and sending this value to all its
linked descendents via a VALUE message. After this, agents asynchronously wait for
and respond to incoming messages. Upon receiving a VALUE message, an agent stores
the current value of the linked ancestors in its variable, which represents
’s current context. It then reports to its parent the current lower bound for its current

context. This information is sent via a VIEW message. Figure 1.c shows the flow of
VALUE and VIEWmessages between agents as the algorithm executes asynchronously.
To be more concrete,

– Initialize: For each value , set , the current lower bound for value , to zero.
Go to hill climb.

– hill climb: For each value , compute estimate of lower bound, denoted (Fig-
ure 2, Line (iii)). If is a leaf agent, is just the local cost,

; If is not a leaf agent, will also include the current lower bound
reported to from its child. Choose such that is minimized (Figure 2, Line
(iv)) and make it the current value. Send VALUEmessage to all linked descendents.
Send the lower bound to parent via a VIEWmessage, but since global context could
change before parent receives the VIEW message, attach the current context under
which the cost was computed.

– when received VALUE:Update current context. If there is a context change, delete
all stored lower bounds. Go to hill climb.

– when received VIEW: Compare the received context against own current context
(Figure 2,Line (i)) to see if they are compatible. If not compatible, throw message
away; If compatible, i.e., the reported lower bound is still valid, only store new
lower bound if it has increased from previously reported lower bound. If lower
bound has increased, go to hill climb.

In the when received VIEW procedure, it is correct to throw away VIEW mes-
sages when there is an incompatibility between and the context attached

Objective Function

F(A) = ∑
xi ,xj∈X

fij(di , dj)where xi ← di and xi ← di inA

In figure (a):
▸ F({(x1 , 0), (x2 , 0), (x3 , 0), (x4 , 0)}) = 4
▸ F({(x1 , 1), (x2 , 1), (x3 , 1), (x4 , 1)}) = 0

and
A∗ = {(x1 , 1), (x2 , 1), (x3 , 1), (x4 , 1)}
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Asynchronous Distributed Optimisation (ADOPT) [MSTY05]# : Current view of linked ancestor’s variable values
# : Local agent/variable
# : ’s current variable value
# : Current lower bound on cost for subtree rooted at child, given chooses value
Initialize: ; null;

hill climb;
when received (VALUE, ( ))
add to ;
# context change
if changed then

end if;
hill climb;

when received (VIEW, , )
value of in

if is compatible with — (i)
then

max ; — (ii)
if changed then
hill climb;

end if;
end if;

procedure hill climb
:

# is ’s estimate of cost if it chooses
;— (iii)

choose that minimizes — (iv)
prefer current value for tie;

;
SEND (VALUE, ( )) to all linked descendents;
SEND (VIEW, , to
parent;

Fig. 2. Procedure for asynchronous search (Simple-Adopt)

Algorithm 7: ADOPT Procedures
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Fig. 1. (a) Example constraint graph. (b) An example ordering formed from the constraint graph
in (a). (c) Flow of VALUE and VIEW messages between agents.

3.2 Simple Adopt

Procedures from the Simple-Adopt algorithm are shown in Figure 2. represents the
agent’s local variable and represents its current value. The algorithm begins by each
agent choosing a value for its variable concurrently and sending this value to all its
linked descendents via a VALUE message. After this, agents asynchronously wait for
and respond to incoming messages. Upon receiving a VALUE message, an agent stores
the current value of the linked ancestors in its variable, which represents
’s current context. It then reports to its parent the current lower bound for its current

context. This information is sent via a VIEW message. Figure 1.c shows the flow of
VALUE and VIEWmessages between agents as the algorithm executes asynchronously.
To be more concrete,

– Initialize: For each value , set , the current lower bound for value , to zero.
Go to hill climb.

– hill climb: For each value , compute estimate of lower bound, denoted (Fig-
ure 2, Line (iii)). If is a leaf agent, is just the local cost,

; If is not a leaf agent, will also include the current lower bound
reported to from its child. Choose such that is minimized (Figure 2, Line
(iv)) and make it the current value. Send VALUEmessage to all linked descendents.
Send the lower bound to parent via a VIEWmessage, but since global context could
change before parent receives the VIEW message, attach the current context under
which the cost was computed.

– when received VALUE:Update current context. If there is a context change, delete
all stored lower bounds. Go to hill climb.

– when received VIEW: Compare the received context against own current context
(Figure 2,Line (i)) to see if they are compatible. If not compatible, throw message
away; If compatible, i.e., the reported lower bound is still valid, only store new
lower bound if it has increased from previously reported lower bound. If lower
bound has increased, go to hill climb.

In the when received VIEW procedure, it is correct to throw away VIEW mes-
sages when there is an incompatibility between and the context attached
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Asynchronous Distributed Optimisation (ADOPT) [MSTY05]

Remarks
▸ Directly inspired by ABT and branch-and-bound (B&B)

3 ADOPT utilises local views and local evaluation δ to calculate bounds

7 ADOPT uses a total order
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Population-based approaches

Principles
▸ A population is a set of individuals (agents)
▸ Each agent is able to find a solution to the problem

▸ an agent knows the whole set of variables that define the problem
(contrary to aforementioned approaches)

▸ Agents coordinate to find a solution

⇒ How to coordinate several concurrent searches to efficiently find a good
solution?

Examples
▸ Evolutionary algorithms, genetic algorithms (GA) [Hol93]
▸ Particle Swarm Optimisation (PSO)[KE95]
▸ Ant Colony Optimisation (ACO) [DS04]
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Population-based approaches (cont.)

We will not see these approaches in this course...

Look at [Hol93, KE95, DS04] for more information!
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Cooperation

Cooperation: the Engine of Distributed Problem Solving
▸ The nogoods (conflictual configurations) and potential solutions
communicated by agents to their neighbourhood in ABT or AWCS help
agents to cooperatively solve a DisCSP

▸ The min-conflict heuristic used in AWCS or ERA is a means to represent the
fact that agents cooperatively act by minimising the negative impact of their
actions

▸ The pheromone deposited by ants in ACO gives relevant information about
the region of the search space and modifies later the behaviour of the other
ants

▸ Particles in PSO are influenced by the velocity and position of the local and
global bests: cooperative information exchange allowing efficient
exploration phase

▸ The fitness function of GA determines at a time the better individuals which
will share their genes with other members of the population to produce new
relevant offspring
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Cooperation (cont.)

Towards a Generic Cooperation-basedMethod (AMAS) [PG06]
▸ Cooperation can be viewed as a generic concept manipulated by problem
solvers

▸ It transcends to all the aforementioned methods
▸ Taking inspiration frombiological and socio-economic notions of cooperation
▸ An agent is unable to find alone the global solution and consequently it has
to interact locally with its neighbours in order to find its current actions able
to reach its individual goals and help its neighbours

⇒ Cooperation-based algorithms
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Cooperation (cont.)

Cooperation in Problem Solving
▸ Agents cooperate to find a global solution

▸ ex: Agents assign values to variables as to find a global assignment without knowing
the global state of the system

▸ Agents that have difficulties (critical level κ) to find a local solution are
top-priority

▸ ex: an agent that do not find a ‘‘good’’ value for a long time can choose its next value
before the other agents in its neighbourhood (ν)

▸ Agents acts cooperatively
▸ ex: minimizing conflict, minimizing negative impact, etc.

15 Self-Organisation in Constraint Problem Solving 21

with its neighbours (a significant subset of the MAS cardinality) in order to find its
current actions able to reach its individual goals and help its neighbours (!). The
basic algorithm is the following:

foreach agent i do
set an initial assignment to xi
xi." ! 0

end
while termination conditions not met do concurrently

order the possible solutions according to their " value
xworst ! argmax {x j ." | x j " !(xi)}
assign cooperative value to xi such as xworst ." decreases
compute xi."
send xi." to neighbours in !(xi)

end
Algorithm 8: An algorithm outline based on critical level (") in AMAS

The parameters to be settled are mainly the critical level (or criticality) " (usu-
ally initialised to zero), the list of neighbours for the agents !(xi) and the termination
conditions. " expresses the individual difficulty an agent has to satisfy its own ob-
jectives, which could be roughly given by the portion of non satisfied constraints,
for example (we will see another concrete example in the next section). The agent’s
neighbourhood is the set of other agents sharing constraints, as in DBA, AWCS or
ERA. In the usual approach, an agent manages only one variable, even several ones
can be associated to it, but it can be extended to multi-CSP context as in classical
DisCSP algorithms [33]. For each feasible solution s, the agent computes its " value
according to the information received from its neighbours, noted "(s | !(xi)). These
solutions are then ordered using argmin{"(s | !(xi))} and the variable assignment
corresponds to the element with the minimum " . For a continuous variable domain,
an agent manages an increment value # which is itself adjusted: increased when the
direction variation is maintained between two steps, or decreased. At the last step,
the agent sends its own " value to the neighbours in order to choose their next own
assignment in the most cooperative way. The cooperative behaviour leads therefore
to two situations:

1. If the agent has the greatest " in its neighbourhood, it chooses an assignment
reducing its value without becoming higher than the current greatest " .

2. If not, it chooses an assignment able to reduce the greatest " in its neighbour-
hood, without becoming higher than the current greatest " .

Because no agent has knowledge about the global problem, the termination con-
dition (usually the max number steps or the solution quality, as in ERA, DBA, PSO
or GA) must be evaluated at the macro level. Each agent notifies to this global eval-
uator when its ending condition is satisfied. This approach was successfully applied
in many domain such as timetabling [25], n queens [27], manufacturing control [4],
or frequency assignment [26]. This algorithm presupposes the capability to have a

Algorithm 8: An algorithm outline based on critical level (κ) in AMAS
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Example of Cooperative Solving

Cooperative Solving of n-queens and n2/2-knights problems [PG06]
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Synthesis

Dimensions

Problem distribution: the manner and the degree of distribution of the problem
among agents (ex: one variable per agent)

Decision decentralisation: decentralisation means that no agent has the power
and the capability to decide for the others, or to solve the whole
part of the problem, at a given time

Bounded rationality and local actions: an agent cannot know the values of other
agents, and their actions are limited to their own limited
neighbourhood

Robustness to dynamics: the impact of environmental disturbances occurring at
run-time is minimised by the peer-to-peer propagation

Non determinism: agents behave or are initially set non deterministically

Global state is unknown: micro-level entities are not conscious of the global state
of the system, which is however evaluable at macro-level
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Synthesis (cont.)

Table : Analysis for all the overviewed methods

ABT DBA ERA ACO PSO GA
et al.

Distribution yes yes yes yes yes yes
Decentralisation no yes no no no no
Locality no yes yes yes no no
Dynamics limited limited yes yes yes yes
Non determinism execution execution behaviours behaviours behaviours mechanisms
Global state known unknown unknown known known known

Multi-Agent Constraint Problem Solving 36 / 39



Introduction CSP DisCSP DCOP Population Cooperation Synthesis

Using Distributed Problem Solving

Problem and Environment Characteristics
▸ Geographic distribution

▸ ex: agents are physically distributed, and solving the whole problem is not
possible in a centralised manner

▸ Constraint network topology
▸ ex: bounded vertex degrees or large constraint graph diameter

▸ Knowledge encapsulation
▸ ex: privacy preserving, limited knowledge

▸ Dynamics
▸ ex: rather than solving the whole problem again, only repair sub-problems

Some Applications
▸ Frequency assignment
▸ Scheduling
▸ Resource allocation, Manufacturing control
▸ Supply chain
▸ ...
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