
Ex 1 (similar to course 4 but we used B instead of Bd – we redo it here with Bd to illustrate compressible 

hyperelasticity) 

 

 
 

 

𝐹 = [

1 0 0
0 3/2 0
0 0 2/3

] 

𝐵 = 𝐹𝐹𝑇 = [

1 0 0
0 9/4 0
0 0 4/9

] 

𝑇𝑟(𝐵) = 1 +
9

4
+

4

9
=

36

36
+

81

36
+

16

36
= 133/36 

𝑇𝑟(𝐵)

3
=

133

108
= 1.23 



𝐵𝑑 = 𝐵 −
𝑇𝑟(𝐵)

3
𝐼 =

[
 
 
 
 
1 − 1.23 0 0

0
9

4
− 1.23 0

0 0
4

9
− 1.23]

 
 
 
 

= [
−0.23 0 0

0 1.02 0
0 0 −0.79

] 

 

𝜎 = [

−𝑝 − 0.23𝐺 0 0
0 −𝑝 + 1.02𝐺 0
0 0 −𝑝 − 0.79𝐺

] 

 

𝜎 = [
? 0 0
0 0 0
0 0 𝐹/𝑆

] = [
? 0 0
0 0 0
0 0 2𝐹/3𝑙2

] 

𝜎𝑦𝑦 = 0 ⇒ −𝑝 + 1.02𝐺 = 0 ⇒ 𝑝 = 1.02𝐺 

 

𝜎 = [
−1.25 0 0

0 0 0
0 0 −1.81

]𝐺 

 

2𝐹

3𝑙2
= −1.81𝐺 

𝐹 = −2.72𝐺𝑙2 

 

 

 

 

  



Ex 2. 

 

 
 

 



 

𝐹 = [
𝜆 0 0
0 𝜆 0
0 0 𝜇

] 

 

 

𝐵 = 𝐹𝐹𝑇 = [
𝜆2 0 0
0 𝜆2 0
0 0 𝜇2

] 

𝑇𝑟(𝐵) = 2𝜆2 + 𝜇2 

𝑇𝑟(𝐵)

3
=

2𝜆2 + 𝜇2

3
 

𝐵𝑑 = 𝐵 −
𝑇𝑟(𝐵)

3
𝐼 =

[
 
 
 
 
 
 𝜆2 −

2𝜆2 + 𝜇2

3
0 0

0 𝜆2 −
2𝜆2 + 𝜇2

3
0

0 0 𝜇2 −
2𝜆2 + 𝜇2

3 ]
 
 
 
 
 
 

=

[
 
 
 
 
 
 
𝜆2 + 𝜇2

3
0 0

0
𝜆2 + 𝜇2

3
0

0 0 −
2𝜆2 − 2𝜇2

3 ]
 
 
 
 
 
 

 

𝐵𝑑 =
1

3
[

𝜆2 − 𝜇2 0 0

0 𝜆2 − 𝜇2 0

0 0 −2𝜆2 + 2𝜇2

] 

𝐽 = 𝜇𝜆2 

 

𝜎 = 𝜅 [
𝐽 − 1 0 0

0 𝐽 − 1 0
0 0 𝐽 − 1

] + 𝐺/3 [

𝜆2 − 𝜇2 0 0

0 𝜆2 − 𝜇2 0

0 0 −2𝜆2 + 2𝜇2

] 

 

𝜎𝑧𝑧 = 0 ⇒ 𝜅(𝜇𝜆2 − 1) + 𝐺(−2𝜆2 + 2𝜇2)/3 = 0 

 

2𝐺

3
𝜇2 + 𝜅𝜆2𝜇 − (

2𝐺

3
𝜆2 + 𝜅) = 0 

 

𝜇2 +
3𝜅

2𝐺
𝜆2𝜇 − (𝜆2 +

3𝜅

2𝐺
) = 0 

𝛾 =
3𝜅

2𝐺
 



 

𝜇2 + 𝛾𝜆2𝜇 − (𝜆2 + 𝛾) = 0 

Δ = 𝛾2𝜆4 + 4(𝜆2 + 𝛾) 

𝜇 =
−𝛾𝜆2 + √Δ

2
=

−𝛾𝜆2 + √𝛾2𝜆4 + 4(𝜆2 + 𝛾)

2
 

 

𝜇 =
3𝜅

2𝐺
𝜆2

−1 + √1 + 4(1/𝛾2𝜆2 + 1/𝛾𝜆4)

2
 

 

Poisson effect in small strain 

𝜆 = 1 + 𝜀 with 𝜀 ≪ 1 

 

https://en.wikipedia.org/wiki/Young%27s_modulus 

  



 

Ex 3. 

 

 

 

(d)  for course 6 -> Repeat the same exercise with a non compressible 

NeoHookean model (parameter G) and a compressible NeoHookan model 

(parameters G and K). 

 

a) 

𝜀 = [

𝜀𝑥𝑥 𝜀𝑥𝑦 𝜀𝑥𝑧

𝜀𝑥𝑦 𝜀𝑦𝑦 𝜀𝑦𝑧

𝜀𝑥𝑧 𝜀𝑦𝑧 𝜀𝑧𝑧

]

𝑥𝑦𝑧

= [

𝜀𝑟𝑟 𝜀𝑟𝜃 𝜀𝑟𝑧

𝜀𝑟𝜃 𝜀𝜃𝜃 𝜀𝜃𝑧

𝜀𝑟𝑧 𝜀𝜃𝑧 𝜀𝑧𝑧

]

𝑟𝜃𝑧

 

 

b) 

𝜀𝜃𝜃 =
2𝜋(𝑟𝑖−𝑅𝑖)

2𝜋𝑅𝑖
=

(𝑟𝑖−𝑅𝑖)

𝑅𝑖
=10% 

𝜀𝑟𝑟 =
𝜎𝑟𝑟

𝐸
− 𝜈(𝜀𝜃𝜃 + 𝜀𝑧𝑧) 

er 

eθ 



𝜀𝑟𝑟 = −
𝑝

𝐸
− 𝜈𝜀𝜃𝜃 

𝜀𝑟𝑟 = −
0.1

4
−

0.1

3
= −

0.7

12
= 0.06 

 

 

c) 

 𝜎 = [

𝜎𝑟𝑟 0 0
0 𝜎𝜃𝜃 0
0 0 𝜎𝑧𝑧

] 

 

𝜎𝜃𝜃 = 𝐸𝜀𝜃𝜃 


