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Cross section

PLANAR TENSION

= PURE SHEAR
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||E1|| = Lo sqrt(2)

||e1|| = Lo sqrt(1+lambda)

||e1||/||E1|| = sqrt([1+lambda]/2)

pythagorus

e1 = a E1 + b E2|

e2 = c E1 + d E2

a= e1.E1=(i+λj).(i+j)=1+λ

b= e1.E2=(i+λj).(-i+j)=-1+λ 

c= e2.E1=(-i+λj).(i+j)=-1+λ

d= e2.E2=(-i+λj).(-i+j)=-1+λ 

i

j

J =[(1+λ)^2-(-1+λ)^2]µ=λµ
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(Fa).(b) = (a).(FTb)
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Soft biological tissues: many challenges 

for continuum mechanics
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Essais de Treloar (1944)
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1 2 3 4 5 6 7

Hyperelasticity
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Pseudo-hyperelasticity: 

Irreversible effects are neglected…
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Stored energy per unit volume 

1

𝐴0𝐿0
න𝐹 ሶ𝐿𝑑𝑡 = න𝑆 ሶλ𝑑𝑡
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Strain energy density
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KINEMATICS
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Deformation gradient F

F E1 = e1

F E2 = e2

F E3 = e3

F Ei = ei

E1 = (1,0,0)

E2 = (0,1,0)

E3 = (0,0,1)

e11 e21 e31

e12 e22 e32

e13 e23 e33

F =

E11

E12

E13

e11

e12

e13

=
J=det(F)  => change of volume



Institut Mines-Télécomavril@emse.fravril@emse.fr 719.001 - Mechanics of biological tissues - Oct 2021 17

F11 F12 F13

F21 F22 F23

F31 F32 F33

F =

F11 F21 F31

F12 F22 F32

F13 F23 F33

FT =



Institut Mines-Télécomavril@emse.fravril@emse.fr 719.001 - Mechanics of biological tissues - Oct 2021 18

0 -1 0

1 0 0

0 0 1

F =

0 1 0

-1 0 0

0 0 1

FT =

1 0 0

0 1 0

0 0 1

C =

E = 0



Institut Mines-Télécomavril@emse.fravril@emse.fr 719.001 - Mechanics of biological tissues - Oct 2021 19

first invariant of C=FTF

C  = cauchy green stretch tensor

Pythogorus

Change of length^2 of diagonals

= Tr(C)

= C11 + C22 + C33
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L0^2 = 3 a^2

L^2 =(λ1a)^2 + (λ2a)^2 

+ (λ3a)^2

L^2 / L0^2

= [(λ1)^2 + (λ2)^2 

+ (λ3)^2 ] / 3

= tr (C) / 3

I1 = tr(C)
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Energy = G/2 (I1 – 3)

Energy of a spring = ½ k x^2

Neo Hooke behaviour
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Deformation mapping in 3D

Deformation Gradient
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Green Lagrange strain
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Nominal/ 1st Piola-Kirchhoff

Material/2nd Piola-Kirchhoff
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True / Cauchy
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Stored energy per unit volume 

න𝑺: ሶF𝑑𝑡 = න𝝅: ሶE𝑑𝑡 = Ψ(E)

1 2 3 4 5 6 7

Hyperelasticity
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compressible hyperelastic behaviour

incompressible hyperelastic behaviour (𝐽=1)

?Strain energy density:

𝛔 = 𝐽𝐅.
𝜕Ψ

𝜕𝐄
. 𝐅𝑇

𝛔 = 𝐅.
𝜕Ψ

𝜕𝐄
. 𝐅𝑇 + 𝑐𝐈
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