
Institut Mines-Télécomavril@emse.fr

Recent advances in 

the Virtual Fields 

Method for Nonlinear 

Elasticity

Prof. Stéphane AVRIL

PARIS

AUVERGNE RHONE-ALPES

MINES SAINT-

ETIENNE 



Institut Mines-Télécomavril@emse.fravril@emse.fr Stéphane Avril - 2022 June 20 - Dalian University2

OUTLINE

I. Introduction and state of the art of the 

VFM

II. Recent developments and generalized

VFM

III. New applications in progress



Institut Mines-Télécomavril@emse.fravril@emse.fr Stéphane Avril - 2022 June 20 - Dalian University3

Introduction and state of the art 

of the VFM

1. Soft tissue mechanics

2. Stiffness reconstruction in arterial lesions

3. The basic VFM
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Soft biological tissues: many

challenges for continuum mechanics
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Hyperelasticity of Soft Tissues and Related Inverse Problems. Stéphane Avril, Sam Evans 

Material Parameter Identification and Inverse Problems in Soft Tissue Biomechanics, 573, 

Springer, pp.37 - 66, 2016,
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MOTIVATION

Most of my research tries to decipher the regulation and

spatial distribution of mechanical properties in soft tissues

by:

 Developing methodologies to identify the mechanical

properties of soft tissues

 Developing models to predict the evolution of these

mechanical properties with disease and age
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Essais de Treloar (1944)
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compressible hyperelastic behaviour

incompressible hyperelastic behaviour (𝐽=1)

?Strain energy density:

𝛔 = 𝐽𝐅.
𝜕Ψ

𝜕𝐄
. 𝐅𝑇

𝛔 = 𝐅.
𝜕Ψ

𝜕𝐄
. 𝐅𝑇 + 𝑐𝐈
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10

Anisotropic strain energy density

(Holzapfel et al., 2000)
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PARAMETERS TO BE IDENTIFIED
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Ψ(E)
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Full-field strain measurement across the 

outer surface of the artery

AnteriorPosterior Posterior Anterior

ANT

POST

Circumferential Green Strain
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Bersi et al, Biomechanics and modeling in mechanobiology 18 (1), 203-218

Bersi et al, Journal of biomechanical engineering 138 (7), 071005
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Obtained linearized circumferential stiffness
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(kPa) (kPa)
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Bersi et al, Scientific reports 10 (1), 1-23



Institut Mines-Télécomavril@emse.fravril@emse.fr

Inverse approach – traditional 

approach

Set of 
materials
properties

Resolution of 
forward
problem

Deviation
between

predictions and 
measurements

minimization

initialization

Identification of 

material properties
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measurements
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Inverse approach – FEMU approach

Set of 
materials
properties

Resolution of 
forward
problem

Deviation
between

predictions and 
measurements

minimization

initialization

Identification of 

material properties
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J(µ)= 𝑇 𝑢 − 𝑇(𝑢𝑒𝑥𝑝) 2 +
𝛼

2
𝐵(µ)

Oberai et al., Inverse problems, 19, 

pp. 297-313, 2003

measurements
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Set of 
materials
properties

Resolution of 
forward
problem

Deviation
between

predictions and 
measurements

minimization

initialization

Identification of 

material properties

1. Use a gradient based method

(steepest descent or BFGS)

2. Need to derive the gradient of J with

respect to µ at each iteration. With

the adjoint method, this requires the 

resolution of 2 forward problems

3. Very unstable with hyperelastic

models: many risks that the 

forward problems have a poor

convergence

Inverse approach – FEMU approach

16
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Alternative inverse approach:

the virtual fields method

Set of 
materials
properties

3D 
estimation of 

stresses

Deviation to 
the principle

of virtual
power

minimization

initialization

Identification of 

material properties
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Bersi et al., J Biomech Eng, 2016

Full-field strain

measurements
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Principle of virtual power

න
𝑉

𝛔:𝐃∗𝑑𝑉 = න
𝑉

𝐛 − 𝐚 ⋅ 𝐯∗𝜌𝑑𝑉 +න
𝑆

𝛔 ⋅ 𝐧𝐭 ⋅ 𝐯∗𝑑𝑆

Internal stresses

Body forces, accelerations

Surface tractions

v* is an arbitrary virtual velocity field

D* is the virtual rate of deformation tensor:

𝐃∗ =
1

2
𝛻𝐯∗ + 𝛻𝑻𝐯∗
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The principle of virtual power for 

incompressible hyperelastic materials

Stéphane Avril - 2022 June 20 - Dalian University19

IcF.
E

.F
t







0dSu.TdV:IcF.
E

.F
*

V

*

V

t




















 



Grediac et al, Strain 42 (4), 233-253



Institut Mines-Télécomavril@emse.fravril@emse.fr

Application to the NeoHookean

incompressible model
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Hyperelasticity of Soft Tissues and Related Inverse Problems. 

Stéphane Avril, Sam Evans Material Parameter Identification and 

Inverse Problems in Soft Tissue Biomechanics, 573, Springer, 

pp.37 - 66, 2016,
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Application in simple uniaxial tension
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Application in simple uniaxial tension
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Recent developments and 

generalized VFM

1. Material property variation

2. New iterative algorithm

3. First applications of the new 

generalized VFM
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Varying the material properties result in 

variations of stresses

Variations of stresses:

measured

computed

24

Yue Mei et al, Journal of 

Elasticity 145 (1), 265-294
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Variations of stresses should satisfy the 

principle of virtual power

? 
computed

computed
measured

25
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Variations of stresses should satisfy the 

principle of virtual power

computed

measured

computed

26

Spatial form
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Quadratic convergence / recent progress
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Yue Mei et al, Journal of Elasticity 145 (1), 265-294
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Specific problem of the optical nerve head

29
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Application to the eye problem
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PLNT

ALC

PLC

30

Yue Mei et al, Journal of Elasticity 145 (1), 265-294
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New applications in progress

1. Eardrum and other membrane inflation

2. Elastography

3. Biphasic behavior / osmotic effects

4. Brain shift
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Eardrum and other membrane inflation 
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Rubber membrane

32

Livens et al, Strain 57 (6), e12398
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Elastography
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Computational Mechanics 67 (6), 1581-1599
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𝑻𝒊 = −𝑃𝑰 = −𝑅𝜃[ (cF)2 + തc∗ 2 − തc∗]𝑰

 𝑻𝒔 = 𝜇0𝐽
−
5

3 𝑩−
1

3
𝐼1𝑰 + 𝜅0(𝐽 − 1)𝑰

Reference configuration 
Stress-free chemical configuration 

Current configuration 

preF

F
mF

(Osmotic swelling)

𝑻= 𝑻𝒊 + 𝑻𝒔

Biphasic behavior : osmotic effects
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Brain shift
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න
𝑉

𝛔:𝐃∗𝑑𝑉 = න
𝑉

𝐛 − 𝐚 ⋅ 𝐯∗𝜌𝑑𝑉 + න
𝑆

𝛔 ⋅ 𝐧𝐭 ⋅ 𝐯∗𝑑𝑆
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