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1 Introduction
Modern design analysis and optimization methods are typically based on deterministic simulation models. When these models involve computationally
intensive evaluations, it is common to supplement them with metamodels
(also known as response surfaces or surrogate models). Because they provide
surfaces of tunable complexity (possibly interpolative) within a probabilistic
framework, kriging or Gaussian Process (GP) regression [27, 25] has become a
popular metamodeling tool for computationally expensive simulators. In particular, they allow the definition of Infill Sampling Criteria [30] which sample
by compromising between known high performing and uncertain parts of the
design space. Therefore, GP can be used in global optimization. An early example of Infill Sampling Criterion is the Expected Improvement whose iterative
maximization constitutes the Efficient Global Optimization (EGO) algorithm
[18, 17].
However, real life problems are almost always non-deterministic. Uncertainties appear for example due to model errors, manufacturing tolerances, changing environments and noisy measurements. Robust optimization approaches
seek to limit the effects in quality of the solutions that result from the uncertainties. Surveys on robust optimization can be found in [23] and [5] and
different formulations of the robust optimization problem are given in [5, 16, 29,
7, 31, 28]. A complete and standard formulation of robust optimization would
be to simultaneously minimize the mean and the variations of the objective
function while probabilistically satisfying the constraints. The current article
focuses on the simplest formulation, the optimization of the expected performance, for two reasons. Firstly, it allows an analytical presentation of our
method. Secondly, the average performance is the main design criterion for
objects produced in large series and that are not critical for safety, such as
light bulbs for example.
Keeping aside special cases for which robustness measures are analytical
and thus lead to deterministic optimization problems, robustness measures
(e.g., mean, variance, probability of satisfying constraints, reliability indices)
need to be estimated numerically [7, 4]. The family of Monte Carlo (MC) methods are often used because they are statistically well-founded and they do not
require modifying the simulation models. However, the estimates they provide
are noisy, thus leading to noisy optimization problems. The noise of the MC
estimates depends on the number of MC simulations, which is typically large.
When put in the context of optimization with a numerical model, the number
of MC simulations must be traded off against the fidelity of the model and the
optimization budget.
Recently, modifications to the EGO algorithm have been proposed to adapt
it to the optimization of noisy functions and partially converged simulations.
Forrester et al. have applied kriging based optimization to multi-fidelity computational fluids dynamics simulations [8]. In [32], Vazquez et al. empirically
compared the Conditional Minimizer Entropy, a GP based criterion (cf. [33]),
with the EI criterion. In [19], an estimated quantile is minimized and, in an
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attempt to filter out the noise, the estimator variance is accounted for when
building the kriging metamodel. Two articles describe methods to select the
number of MC simulations: Huang et al. have extended the EGO algorithm
to stochastic black-box systems by introducing the Augmented Expected Improvement which accounts for model performance, uncertainty and the diminishing improvement of additional replicates as the prediction becomes more accurate [13]; Picheny et al. have proposed a kriging based optimization method
that accounts for uncertainty (fidelity level or MC effort) at data points, filters
the noise and selects the next data points and fidelity levels by accounting for
a limit on the total computational resources [24].
Other authors have used metamodels to break the nested relationship between MC estimation and the optimization loop thus allowing to reduce the
computational time of optimization in the presence of uncertainties. Metamodels may be utilized at the uncertainty quantification level, at the optimization
level, or at both levels [20, 3, 20, 3, 6]. The principal idea behind the former is to
create an approximation of the expensive simulator (representing objectives or
constraints) and perform analytical or MC estimation of the robustness measures using fast evaluations of the metamodel. The main challenge however
is the metamodel adaptation and epistemic (model) uncertainty propagation
for quantification of the error of the estimates. The method presented in this
article can be classified as such, however it provides a mathematically sound
way to account for the epistemic errors and propagate them for efficient optimization.
In the work of Williams et al. [34] and in the current article, the simulator
is approximated by a kriging model which is used to estimate and optimize
the integrated (mean) simulator response. In both contributions, the simulator
variables are separated in two sets, the controlled (optimization) variables, x,
and the uncertain environmental parameters, u. Both works therefore consider
minimizing the mean over u of a function f (x, u). The samples in the joint
space of control and uncertain variables, x and u, are selected based on a twostep process. First, the mean process which only depends upon x is considered
and EI is maximized to determine a point xmaxEI . Second, a pair x, u is
chosen such that, if it is added to the data used for deriving the mean process,
it minimizes the standart error (future variance) of the mean process.
The methods described in [34] and here have however been developed independently and differ in the following aspects: continuous Gaussian uncertain
variables (U ) are considered here while they are discrete in [34]; Gaussian
kernels are assumed here so that expectations can be carried out analytically
while Monte Carlo simulations are needed in [34] where no particular kernel
is assumed; another effect of the discrete uncertain variables is that larger covariance matrices need to be inverted in [34] (they are 2t × 2t, where t is the
number of samples, versus t × t here); another subtle yet important difference
is that, in [34] the EI is maximized to choose the control variables and the future variance is minimized (at these locations of control variables, xmaxEI ) to
choose only the uncertain variables; here both control and uncertain variables
minimize future variance (at control variables maximizing EI, xmaxEI ).
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The article is structured as follows. Firstly, in section 3, a GP metamodel
is built in the joint (x, u) space of the deterministic optimization variables
and uncertain parameters. In section 3.1, the expectation of the former with
respect to the uncertain parameters u is analytically obtained which constitutes another GP in the space of the optimization variables x. This allows to
estimate the mean and variance of the mean response (the predicted objective
of our robust optimization problem).
In section 4, an EI and a minimal variance sampling criteria define the
next couple of (x, u)’s which are calculated by the simulator f . An important
feature of the method is therefore that the optimization and the sampling
are handled simultaneously. Finally, in section 5, this simultaneous sampling
and optimization approach is compared to EGO algorithms with Monte Carlo
simulations on two, four and six dimensional analytical test cases.
2 Problem formulation
Let
f : S × Rm → R
denote the response of a numerical simulator. S, a bounded subset of Rn , is
the search space of the design variables. We assume that each evaluation of f
involves a time consuming call to a deterministic simulator. We minimize the
mean response of the simulator
min EU [f (x, U )]
x∈S

(1)

where x ∈ S ∈ Rn are the deterministic optimization variables and u ∈ Rm is
an instance of a continuous multivariate random variable U with joint probability distribution. EU is the expectation with respect to U . Note that no
further assumption is made on the functional relationship (e.g., additional
or multiplicative noise) between the uncertain parameters and the objective
function. Let us denote the t ∈ N initial design points as X = {x1 , ..., xt } and
U = {u1 , ..., ut }, and Y = {f (x1 , u1 ), .., f (xt , ut )} are the simulator responses
at these design points.
Y(x,u) (ω) is the Gaussian process with mean function meanY (x, u) and covariance function covY (x, u; x0 , u0 )
E[Y(x,u) (ω)] = meanY (x, u),
COV(Y(x,u) (ω), Y(x0 ,u0 ) (ω)) = covY (x, u; x0 , u0 ),
Y(x,u) (ω) ∼ GP (meanY (x, u), covY (x, u; x0 , u0 )) .

(2)
(3)
(4)

We assume that f (x, u) can be approximated by y(x, u) which is an instance
of Y(x,u) (ω) and that f (x, U ) can be represented by Y(x,U ) (ω).
t
Let Y(x,u)
(ω) denote a GP conditioned on the t observations


t
Y(x,u)
(ω) = Y(x,u) (ω)|Y(X,U) (ω) = Y .
(5)
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The conditional process Y(x,u)
(ω) utilizes observations data. The conditional
expectation and the conditional covariance [27], [25] are


t
E Y(x,u)
(ω) = meanY (x, u)

+ covY (x, u; X, U)covY (X, U; X, U)−1 (Y − meanY (X, U)),
(6)


t
COV Y(x,u)
(ω) = covY (x, u; x, u)

(7)

− covY (x, u; X, U)covY (X, U; X, U)−1 covY (X, U; x, u).
They allow us to estimate the mean (predicted kriging mean) and the variance
t
(predicted kriging variance) of Y(x,u)
(ω) at any unobserved (new) point (x, u).
In practice the covariance and mean functions of eq. (3) and eq. (2) are
not known. For kriging models usually isotropic stationary kernel functions
are used to model covariance and simple polynomial functions are used to
model process mean. The parameters of these functions (hyper-parameters)
are estimated from the data by maximizing the kriging model likelihood ([27],
[25]).
3 Projected process
In order to minimize the expectation eq. (1) and take full advantage of the
Gaussian process metamodel eq. (5), it is possible to construct a new Gaussian
process by taking the expectation of the conditioned process with respect to
U
Z
t
t
t
Z(x) (ω) = EU [Y(x,U ) (ω)] =
Y(x,u)
(ω)dρ(u),
(8)
Rm

where dρ(u) is a probability measure on u.
t
From eq. (8) we see that Z(x)
(ω) is a linear combination of Gaussian processes
and therefore also a Gaussian process. We call it ”projected process”. The link
can be made with Bayesian Monte Carlo integration [26], with the assumption
t
t
of a Gaussian prior on the function y(x,u)
. Because Z(x)
(ω) is a Gaussian
process, it is fully characterized by its mean and covariance functions which
will be explicited hereafter.
The conditional expectation (predicted mean) of the projected process at
r new points X∗ = [x1∗ , ...xr∗ ] can be expressed as

 Z
t
E Z(X
(ω)
=
meanY (X∗ , u)dρ(u)
∗)
Rm
Z
+
covY (X∗ , u; X, U)covY (X, U; X, U)−1 (Y − meanY (X, U))dρ(u) (9)
Rm
!
Z

Z
t
X
=
meanY (xj∗ , u)dρ(u)
+
ci
covY (xj∗ , u; xi , ui )dρ(u)
Rm

1≤j≤r

i=1

Rm

1≤j≤r

,
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where covY (X, U; X, U)−1 is a t × t matrix, covY (X∗ , u; X, U) is r × t, (Y −
meanY (X, U)) is t×1 . c is the t×1 vector covY (X, U; X, U)−1 (Y−meanY (X, U)).
The predicted variance and covariance matrix of the projected process is


t
COV Z(X
(ω) =
(10)
∗)
Z Z
=
covY (X∗ , u; X∗ , u0 )dρ(u)dρ(u0 )
m
m
ZR ZR
−
covY (X∗ , u; X, U)covY (X, U; X, U)−1 covY (X, U; X∗ , u0 )dρ(u)dρ(u0 )
Rm Rm
Z Z

i
j
0
0
=
covY (x∗ , u; x∗ , u )dρ(u)dρ(u )
Rm

−

t X
t
X
k=1 l=1

Rm

1≤i,j≤r

Z
ckl
Rm

covY (xi∗ , u; xl , ul )dρ(u)

Z

!
k

k

covY (x , u
Rm

; xj∗ , u0 )dρ(u0 )
1≤i,j≤r

where ckl are the coefficients of the t × t matrix covY (X, U; X, U)−1 .
Derivation details of eq. (9) and eq. (10) are given in appendix A. The
t
projected process Z(x)
(ω) explicitely provides the contribution of the sampled
points locations X, U to the estimated objective through covY . This should
be contrasted with the Monte Carlo approach of Algorithm 3 (EI-MC-kriging
in Section 5.2.2) where the link between the estimated objective and X, U is
indirect.
Under additional assumptions, closed form solutions of the integrals in
eq. (9) and eq. (10) are given in the next section.

3.1 Solutions of the integrals
For the sake of simplification, we assume that the mean function meanY (x, u)
is constant in u (simple and ordinary kriging assume that meanY (x, u) is a
constant), therefore the solution of the first term in eq. (9) reduces to
Z
meanY (X∗ , u)dρ(u) = meanY (X∗ ).
Rm

Now to calculate the mean and covariance using formulas eq. (9) and
eq. (10), we need to solve integrals in the form
I(x, u, x0 ) =

Z

covY (x, u; x0 , u0 )dρ(u0 )

(11)

Rm

and
I(x, x0 ) =

Z
Rm

Z
Rm

covY (x, u; x0 , u0 )dρ(u0 )dρ(u).

(12)
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Note that for kriging models the covariance function is typically built as a
product of covariances for each dimension
covY (x, u; x0 , u0 ) =

n
Y

covY (xi ; x0i )

i=1

m
Y

covY (ui ; u0i ).

(13)

i=1

Since we consider stationary processes, we have
m
Y

covY (ui ; u0i ) = k(u0 − u)

i=1

where k is a kernel function (and similarly with x).
3.1.1 Integral of the covariance
Here we show the analytical solution of the integrals for Gaussian kernels of
the form

2 !
1 ui − u0i
0
(14)
covY (ui ; ui ) = exp −
2
θi
and independently normally distributed U , that come from a multivariate
normal distribution with density function fN (µ,Σ) , where µ = µi , i = 1, ..., m,
is the mean vector and Σ = diag(σi2 ) is the covariance matrix. The θi ’s are
kriging hyperparameters obtained by maximizing the likelihood of the kriging
t
model Y(x,u)
(ω).
We look at the product of Gaussian covariances as a density function
m
Y

covY (ui ; u0i ) = (2π)m/2 |D|1/2 fN (0,D) (u0 − u)

(15)

i=1

where D = diag(θi2 ), then the integral eq. (11) becomes

I(x, u, x0 ) =

n
Y

covY (xi ; x0i ) (2π)m/2 |D|1/2

i=1

Z

fN (0,D) (u − u0 )fN (µ,Σ) (u0 )du0 =

Rm

(16)


|D|
1
0
T
−1
exp − (u − µ) (Σ + D) (u − µ) .
covY (xi ; xi )
2
|Σ + D|1/2
i=1
n
Y

1/2

I can be seen as the convolution of two multinormal density functions. A
similar result is obtained under the name of Bayes-Hermite Quadrature [22].
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3.1.2 Double integral of the covariance
To calculate the covariance of projected process (eq. (10)), we also need an
analytical solution for the integral of eq. (12). The same reasoning as in the
previous section (derivation details are given in appendix B) yields
I(x, x0 ) =

n
Y

covY (xi ; x0i )

i=1

|D|1/2
.
|2Σ + D|1/2

(17)

The results of eq. (16) and eq. (35) are identical to those presented in
t
[11] (page 54). As mentioned
in [11] the new

 kernel associated to Z is a
2
2
function of Σ + D = diag θ12 + σ12 , ..., θm
+ σm
, so that each parameter of the
covariance function is weighted by the corresponding uncertainty of U in the
given dimension.

4 Infill strategy for robust global optimization
To solve the global optimization problem of eq. (1), we follow the EGO philost
ophy [18]: we utilize the statistical models of f (x, u) and EU [f (x, U )], Y(x,u)
(ω)
t
and Z(x) (ω) given by eq. (5) and eq. (8), respectively, to define an infill sampling criterion [30].
We propose an infill strategy that consists of two steps: first we choose xmaxEI
t
by maximizing an Expected Improvement of the projected process Z(x)
(ω).
xmaxEI is seen as an “interesting point” in the x (deterministic) space. Then,
we choose as the new point for the actual simulation the most informative
point in the (x, u) joint space. This point, called (xt+1 , ut+1 ) minimizes the
t+1
variance of the projected process Z(x)
(ω) at the interesting point x = xmaxEI .
Two goals are thus pursued simultaneously: a rapid minimization of the objective (mean response), and a spare use of the real (computationally costly)
simulator f by a controlled sampling of the uncertain parameters.

4.1 Maximization of Expected Improvement
The improvement is defined as
h
i+
t
t
Ixt (ω) = fmin
− Z(x)
(ω) ,
+

(18)

where [.] denotes max(0, .).
Contrary to the optimization of deterministic functions, our objective function
EU [f (x, U )] is not observed. This represents an additional difficulty because
t
t
fmin
is meant to be the best observed objective function value. In [34], fmin
is estimated by Monte Carlo simulations of the conditional Gaussian process
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t
Y(x)
(ω). Here, fmin
is defined as the minimum of the predicted mean of the
t
projected process Z(x) (ω) at observed data points,

h
i
t
t
(ω) .
fmin
= mint E Z(x)
x∈X

(19)

The Expected Improvement is simply
h
i+


t
t
EIZ (x) = E Ixt (ω) = E fmin
− Z(x)
(ω)

(20)

for which we have an analytical expression [18]
q
t (ω)) [vΦ(v) + φ(v)] ,
EIZ (x) = VAR(Z(x)

(21)

where

t
t
fmin
− E(Z(x)
(ω))
v= q
t (ω))
VAR(Z(x)

and where Φ and φ are the standard normal cumulative distribution function
and density function, respectively.
Maximizing EIZ (eq. (21)) provides a point in the x space called xmaxEI
which is “interesting” in the sense that a lot of progress with respect to the estimated mean performance (approximation of objective in eq. (1)) is expected
there,
xmaxEI = arg max EIZ (x).
x∈S

(22)

4.2 Minimization of variance
Maximizing the EI gives some insight (xmaxEI ) on where to sample in the x
space in order to minimize EU [f (x, U )]. However, before the simulator f can
be called, the uncertain parameters u must be chosen.
The process Z t approximates our mean objective EU [f (x, U )]. It is a projection of Y t from the (x, u) onto the x space and the variance of Z t at a given
x depends on our knowledge about the simulator in the proximity of x in the
joint, (x, u), space.
We propose to sample the point in the (x, u) space such that it reduces
the most the uncertainty in the estimation of objective at the point of interest
xmaxEI . The reduction of the error of the approximation at the interesting
point leads to a more precise estimation of the objective in the region of
maximum expected improvement.
The next simulation point, (xt+1 , ut+1 ), is taken such that
(xt+1 , ut+1 ) = arg

min

(x,u)∈S×Rm

t+1
VAR Z(x
maxEI ) (ω).

(23)
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We stress the fact that xmaxEI is not kept and passed to the simulation calculating f but it is replaced by xt+1 and completed by ut+1 . This sampling
criterion follows the principle of deterministic EGO, where sampling at a new
point reduces the uncertainty at this point, thus eventually shifting the maximum EI to unexplored areas.
The sampling criterion of eq. (23) involves a non linear optimization.
With the estimation of kriging hyper parameters and the maximization of
EI (eq. (22)), this is the third non linear optimization of the overall procedure,
which therefore ends up being somewhat calculation intensive. Note however
that none of these optimization tasks involves calls to the simulator f . They
only work with the underlying regression models Y and Z. This is the reason
why the method described in this paper, like all kriging based methods, is
suitable for computationally expensive simulators.
From eq. (10) we get the expression of the predicted variance of the projected process

t+1
Z(x
maxEI ) (ω)

Z

Z

VAR
=
covY (x
Rm Rm
Z
−
covY (xmaxEI , u; Xt+1 , Ut+1 )dρ(u)

maxEI

, u; x

maxEI

0

0



, u )dρ(u)dρ(u )
(24)

Rm

covY (Xt+1 , Ut+1 ; Xt+1 , Ut+1 )−1

Z
t+1
t+1
maxEI
0
0
covY (X , U ; x
, u )dρ(u )),
Rm

where Xt+1 = (Xt , xt+1 ) and Ut+1 = (Ut , ut+1 ) and Xt , Ut are the already
observed data points. In VAR Z t+1 (eq. (23), eq. (24)) the hyper parameters
of the underlying Gaussian process Y are estimated using only the t previously
observed data points (Xt , Ut , Yt ).
In order to solve the minimization task of eq. (23) we need to calculate eq. (24)
for different (xt+1 , ut+1 ). The eq. (24) is computed using Cholesky decomposition, which has complexity O((t + 1)3 ) and becomes time consuming as t
increases. Calculating Cholesky decomposition for every (xt+1 , ut+1 ) needed
by the optimizer of eq. (23) would be infeasible. However using the block
matrix decomposition (cf. [15]), the costly Cholesky decomposition needs to
be performed only once per optimization (eq. (23)) and is independent of
(xt+1 , ut+1 ) .
The criterion eq. (23) will typically yield a point (xt+1 , ut+1 ) that is close
to (xmaxEI , µ) (recall that µ is the mean of the uncertain parameters U ). However, once enough sampling near (xmaxEI , µ) has been done, it may also choose
points away from (xmaxEI , µ). Further details on the calculation of eq. (24),
as well as graphical illustrations of this criterion can be found in [15].
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4.3 Defining the “best design” in the presence of uncertainties
The definition of the best design at the end of the search deserves further explanations because its performance, the mean objective function, is not directly
observed. During optimization, the mean performance is estimated through a
conditioned and projected Gaussian process. We define as the “best design”
that which minimizes the 90% quantile of the projected process and which has
received at least one observation in the deterministic x variable space :
!
r
h
i
i
h
∗
t
t
(25)
x = arg min E Z(x) (ω) + 1.282 VAR Z(x) (ω) .
x∈X

By such a procedure the obtained solutions have been observed at least once
for the given x∗ and the quantile favors designs that are well known under
the kriging usual assumptions (the neighborhood of (x∗ , µ) has been well explored).

4.4 Implementation
The complete approach to solve eq. (1) is called EI-VAR and summarized in
algorithm 1.
Algorithm 1 Complete method (EI-VAR)
Create an initial DOE in the (x, u) space and calculate simulator responses.
while stopping criterion not met do
t
Create regression model Y(x,u)
(ω) of the deterministic simulator in the joint (x, u)
space;
t (ω) in the deterministic space (x), using covariance
Calculate regression model Z(x)
t
information of Y(x,u)
(ω);

Maximize EIZ (x) to choose xmaxEI ;
t+1
t+1 , ut+1 );
Minimize VAR Z(x
maxEI ) (ω) to obtain the next point (x
Calculate simulator response at the next point f (xt+1 , ut+1 ), update DOE and t.
end while
Choose the 90th quantile of Z t at data points as the solution.

The algorithm involves 3 optimization subtasks which are solved successively at every iteration. The solution of step 2 below, xmaxEI , is needed to
define the objective function of step 3:
1. Maximizing the likelihood to obtain covariance parameters and create
Y(x,u) (ω).
2. Maximizing the expected improvement
xmaxEI = arg max EIZ (x).
x∈S
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3. Obtaining the next point in the joined space
(xt+1 , ut+1 ) = arg

min

x,u∈S×Rm

t+1
VAR Z(x
maxEI ) (ω).

To solve these optimization problems, which are typically multi-modal, we use
the Covariance Matrix Adaptation Evolution Strategy algorithm (CMA-ES,
[12]), a state-of-the-art stochastic global optimizer.
Numerical problems may be encountered during the minimization of the variance in the step 3: when the new point (x, u) is added close to existing points,
the covariance matrix becomes badly conditioned. To overcome this problem,
we increase the diagonal of the covariance matrix by adding a small ”noise”
t+1
term for the calculation of VAR [Z(x
maxEI ) (ω)].

5 Numerical tests
Test cases are now provided on analytical ”simulators” f . These test cases are
meant to illustrate the method but it should be kept in mind that the real
scope of application is expensive simulators.

5.1 Graphical illustration on the 2D camelback test function
To illustrate the behaviour of the proposed algorithm, we consider the camel
back function as the simulator f (x, u),
1
f (x, u) = (4 − 2.1u2 + u4 )u2 + xu + (−4 + 4x2 )x2
3

(26)

where (x, u) ∈ [−1; 1] × R and U ∼ N (µ, σ 2 ) with µ = 0.5 and σ = 0.1. The
initial Design of Experiments (DOE) consists of 5 points (one point in each
corner and one point in the center).
Figures 1 and 2 illustrate the EI-VAR algorithm on the 2D camel back function, where U ∼ N (0.5, 0.01). On both figures, the first rows show the designs
of experiments (squares), the points from previous iterations (circles), the
points (xmaxEI , µ) (diamond), the new simulation points (xt+1 , ut+1 ) (star)
t
and the contour lines of the predicted mean E(Y(x,u)
(ω)). The second rows
represent the means of the projected process (dashed) and the actual objective (solid), and the third rows plot the projected process variances (solid)
and the EIs (dashed). The columns corespond to various optimization steps.
During the first iterations, the points are spread in the x-subspace thanks to
the EIZ criterion and stay close to the most probable value of U , its expectation µ (fig. 1b, fig. 2a). In fig. 1d it can be seen that already at the 4th
t
iteration the predicted mean E(Z(x)
(ω)) starts capturing the shape of the objective E(f (x, U )) and the predicted variance VAR(Z(x) (ω)) is small around
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the optimum x∗ = arg minx EU (f (x, U )) (fig. 1f). During the following iterations, points are added in the proximity of x∗ and the approximating surface
becomes even more precise there. At the 7th, 13th and 16th iterations, the
EI-VAR algorithm chooses to reduce the model uncertainty in unexplored areas, i.e., it selects points that are away from (x∗ , µ). After theses steps the
global uncertainty about the model is very small and the subsequent iterations yield points in the vicinity of the global minimum. The final DOE is
shown in fig. 2b.
Figure 3 illustrates DOE and estimated objective after 50 iterations of EIVAR on the same test function but different setting for uncertain parameters:
U ∼ N (0.05, 0.04). Notice that in comparison to fig. 2b, as the variance of U
is larger, the points spread more in the (x, u) parameter space.
At various iterations of the optimization runs, xmaxEI (plotted as a diamond) was different from xt+1 . An example is given in fig. 3.
As can be seen in fig. 2 and fig. 3, even though the proposed optimization
method is global in scope, the produced DOEs focus on the region of the
optimum (x∗ ). Although, in the current case, such early focus is a sign of
efficiency, it may become an issue of premature convergence to a non global
optimum on more misleading problems. The early convergence is a typical
feature of the one step lookahead EI based optimizers [17, 9, 10]: if the variance
far from the current optimum is small, the EI tends to zero in these regions.
A good practice when using EI based method is to use an initial DOE which
is large enough to capture the overall trend (complexity) of the underlying
simulator.

5.2 Comparison with Monte Carlo based optimization
To illustrate the performance of the proposed method we compare it to parent
optimization algorithms, of the EGO family. Firstly, we compare to the nested
MC approach, where the average objective function is estimated by Monte
Carlo simulations using the actual simulator f , and the optimization is based
on kriging metamodel in x space. Secondly, we compare to the nested approach,
where the objective is estimated by MC on a kriging model in (x, u) space and
the optimization is based on another kriging model in x space only.
5.2.1 Nested crude Monte Carlo
The nested crude MC estimates the objective function, EU (f (x, U )) using the
actual simulator f . The precision (fidelity level) of the MC estimation of the
objective is controlled by the number of calls k to the underlying simulator
f (x, u). To keep the comparison as clear as possible, the k values are constant
during a run.
Like traditional EGO algorithms, our implementation maximizes at each iteration an EI calculated from a kriging model with Gaussian covariance kernel.
In addition, in order to filter the error of MC estimations, we add homogeneous
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t
(a) 1st iter. E(Y(x,u)
(ω))

t
(b) 4th iter. E(Y(x,u)
(ω))

t (ω))
(c) 1st iter. E(Z(x)

t (ω))
(d) 4th iter. E(Z(x)

t (ω)), EI (x)
(e) 1st iter. VAR(Z(x)
Z

t (ω)), EI (x)
(f) 4th iter. VAR(Z(x)
Z

Fig. 1: Illustration of the EI-VAR algorithm on the 2D camel back function,
U ∼ N (0.5, 0.01). Left column: 1st iteration. Right column: 4th iteration. First
t
row: contour lines of the predicted mean E(Y(x,u)
(ω)), initial DOE (squares),
point (xmaxEI , µ) where xmaxEI = arg maxx EIZ (x) (diamond), new simut+1
lation point (xt+1 , ut+1 ) where (xt+1 , ut+1 ) = arg minx,u VAR Z(x
maxEI ) (ω)
(star), points from previous iterations (circles). Second row: objective
t
E(f (x, U )) (solid) and predicted mean E(Z(x)
(ω)) (dashed). Third row: pret
dicted variance VAR(Z(x) (ω)) (solid) and scaled EIZ (x) (dashed).
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t
(a) 13th iter. E(Y(x,u)
(ω))

t
(b) 50th iter. E(Y(x,u)
(ω))

t (ω))
(c) 13th iter. E(Z(x)

t (ω))
(d) 50th iter. E(Z(x)

t (ω)), EI (x)
(e) 13th iter. VAR(Z(x)
Z

t (ω)), EI (x)
(f) 50th iter. VAR(Z(x)
Z

Fig. 2: (Continued from Fig.1. Illustration of the EI-VAR algorithm on
the 2D camel back function, U ∼ N (0.5, 0.01). Left column: 13th iteration. Right column: 50th iteration. First row: contour lines of the pret
dicted mean E(Y(x,u)
(ω)), initial DOE (squares), point (xmaxEI , µ) where
xmaxEI = arg maxx EIZ (x) (diamond), new simulation point (xt+1 , ut+1 )
t+1
where (xt+1 , ut+1 ) = arg minx,u VAR Z(x
maxEI ) (ω) (star), points from previous iterations (circles). Second row: objective E(f (x, U )) (solid) and pret
t
dicted mean E(Z(x)
(ω)) (dashed). Third row: predicted variance VAR(Z(x)
(ω))
(solid) and scaled EIZ (x) (dashed).
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t
(a) 5Oth iter. E(Y(x,u)
(ω))

t (ω))
(b) 5Oth iter. E(Z(x)

Fig. 3: Illustration of the final DOE and predicted objective after 50 iterations
of EI-VAR algorithm on the 2D camel back function, U ∼ N (0.05, 0.04). Left
t
side: contour lines of the predicted mean E(Y(x,u)
(ω)), initial DOE (squares),
maxEI
maxEI
point (x
, µ) where x
= arg maxx EIZ (x) (diamond), new simut+1
lation point (xt+1 , ut+1 ) where (xt+1 , ut+1 ) = arg minx,u VAR Z(x
maxEI ) (ω)
(star), points from previous iterations (circles). Right side: objective
t
E(f (x, U )) (solid) and predicted mean E(Z(x)
(ω)) (dashed).
noise to the diagonal of the covariance matrix. We assume that this noise is
not known so it is estimated together with the kernel hyper parameters by
maximizing the likelihood. The improvement is defined as
h
i+
t
t
Ixt (ω) = fmin
− Y(x)
(ω) ,
t
and Y(x)
(ω) is a kriging model of the noisy MC estimate of the objective
(eq. (1)) conditioned by the noisy observations Y. The current minimum is the
t
kriging predictor at the data points fmin
= min(EΩ (Y t (Xt )). The expectation
t
of the above improvement is written EIY . A comparison of kriging based noisy
optimization strategies where u samples cannot be chosen can be found in [32].
For likelihood and EI maximizations, the CMA-ES algorithm is used.
The method is summarized in algorithm 2 (called EI-MC). Note that the
kriging model is built in n dimensions as the objective EU (f (x, U )) is only a
function of x (as opposed to EI-VAR algorithm where kriging is performed in
an n + m dimensional space). Each EI-MC optimization iterate leads to k MC
calls to the simulator f (x, u).

5.2.2 Nested kriging based Monte Carlo
The second approach is also based on nested MC optimization, but MC is
performed on the metamodel. Similarly to the proposed (EI-VAR) approach,
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Algorithm 2 EI based on MC estimations of EU (f (x, U )) (EI-MC)
Create an initial DOE in the x space.
MC estimate of EU (f (x, U )) by k calls to f (x, u).
while stopping criterion not met do
t (ω) of the noisy simulator in the x space, by maximizing
Create kriging model Y(x)
likelihood;
Maximize EIY (x) → xt+1 ;
Calculate the objective function: MC estimation of EU (f (xt+1 , U )) by k MC calls to
f (x, u);
Update DOE.
end while

t
we create a kriging model Y(x,i)
(ω) in (x, u) space. The MC sampling is pert
formed on the predicted kriging mean E(Y(x,u)
(ω)). It yields an estimation
of the performance EU (f (x, U )) expressed as a numerical approximation to
t
t
EU [E(Y(x,U
) (ω))], which is as function of x only. Another kriging model V(x) (ω)
is built using observed data points in the control variable space using MC estimated objective as a response. Because MC samples are cheap a constant
number of 10000 samples is used and zero estimation noise is assumed.
The deterministic kriging model is used in EI to locate interesting points in the
x space. The u are sampled from the corresponding distribution. The method
is summarized as algorithm 3.

Algorithm 3 EI based on MC estimations on kriging metamodel (EI-MCkriging)
Create an initial DOE in the (x, u) space and calculate simulator responses.
while stopping criterion not met do
t
(ω) of the deterministic simulator in the joint (x, u)
Create regression model Y(x,u)
space;
Estimate objective values EU (f (x, U )) at data points using predicted kriging mean
t
E(Y(X
t ,U ) (ω)).
t (ω) in the deterministic space (x), using Xt and
Create kriging regression model V(x)
estimated objective values;
Maximize EIV (x) to choose xt+1 ;
Sample ut+1 from distribution of U ;
Calculate simulator response at the next point f (xt+1 , ut+1 ), update DOE and t.
end while

This algorithm also involves 3 optimization subtasks, which are solved with
CMA-ES:
1. Maximizing the likelihood to obtain covariance parameters and create
t
Y(x,u)
(ω).
2. Maximizing the likelihood to obtain covariance parameters and create
t
V(x)
(ω) on data from MC.
3. Maximizing the expected improvement to obtain xt+1 .
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The direct application of this method yielded numerical problems: points of
maximum EI are close to each other in the x space. Therefore, the creation of
t
kriging model V(x)
(ω) in the x space may lead to numerical problems due to illconditioned covariance matrices. The covariance matrices of the kriging model
t
Y(x,u)
(ω) in the (x, u) space are usually better conditioned as the sampling of
u spreads the points in the (x, u) space. Nevertheless, if the points are sampled
close to each other, ill-conditioning occurs eventually.
This type of problems are usually addressed by using different kernel functions or adding a small noise term on the diagonal of the covariance matrix. Use
of different covariance kernel would bias our comparison of methods, therefore
we choose to add a small, but sufficiently large noise term on the diagonal of
the covariance matrix when creating kriging models. Since MC simulations is
noisy, adding a noise term on the diagonal has some intuitive motivation.
In the 6D test case (see next section), covariance matrix ill-conditioning
t
occurred, on the average, after 30 iterations for kriging models V(x)
(ω) (in the
t
x space) and after 90 iterations for kriging models Y(x,u) (ω) (in (x, u) space).
The added noise terms never exceeded 20−9 .
5.2.3 Test cases and experimental procedure
The tests are based on the Michalewicz’s function
t : [0, π]d → R

t(v) = −

d
X

2

iv 2
sin(vi ) sin( i )
π
i=1

The simulator is built as an additive function
f (x, u) = t(x) + t(u) .
The Michalewicz test function has been chosen because its components (the
terms in the sum) are increasingly multi-modal, therefore allowing to increase
the complexity with the number of dimensions n and m of x and u, respectively.
The components of the three first dimensions are shown in fig. 4.
Three test cases with equal number of x and u dimensions are considered:
– 2 dimensional test case (n = 1 and m = 1), where µ = 1.5 and σ = 0.2;
– 4 dimensional test case (n = 2 and m = 2), where µ = (1.5, 2.1)T ; and
Σ = diag(0.22 , 0.22 );
– 6 dimensional test case (n = 3 and m = 3), where µ = (1.5, 2.1, 2)T ; and
Σ = diag(0.22 , 0.22 , 0.32 ).
To compare the performance of the various methods we usePthe absolute
n
distance between the current best point and the true minimum i=1 |xti − x∗i |
∗
(where x = arg minx EU [f (x, U )]) versus the number of calls to the simulator
f (x, u).
The Random Latin Hypercube design (RLHD) [1, 21] was used as an initial
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(a) 1st dimension

(b) 2nd dimension

(c) 3rd dimension


h
i2 
ivi2
Fig. 4: Components sin(vi ) sin( π )
of Michalewicz test function for the
first, second and third dimension
DOE for all methods creating new initial design for every run. The number
of points of the initial DOE is t = 5d, where d is a number of dimensions
(d = n + m for the EI-VAR and EI-MC-kriging and d = n for MC based
approaches EI-MC). When d = 1, the number of points of the initial DOE
is t = 3 (2D test case for EI-MC). The RLHD and the use of the stochastic
CMA-ES optimizer to solve the sub-optimization problems intrinsic to each
method induce variability in the behavior of the algorithms. EI-MC-kriging
and EI-MC have additional sampling steps that participate to their stochastic
behavior. To account for these variabilities in the tests, the performance of
each method is averaged over 10 independent runs.

5.2.4 Settings of internal optimization algorithms
All three algorithms (EI-VAR, EI-MC and EI-MC-kriging) involve optimization subtasks which are solved with the Covariance Matrix Adaptation Evolution Strategy (CMA-ES, [12]).The CMA-ES optimization algorithm has three
parameters: a population size λ, an initial standard deviation σ0 and a maximum number of calls to the objective tmax . For each of the four optimization
subtasks, the settings are the following:
– for finding kriging hyper parameters (maximizing likelihood) tmax = 200 +
100(n + m), λ = 4 + b3 log(n + m)c and σ0 is one third of the domain.
t
– for finding the minimum of EY Z(x)
(ω) and maximizing the expected improvement EIZ (x), tmax = 300nλ, λ = 4 + b3 log(n)cn and the initial
standard deviation σ0 is one half of the domain.
t+1
max
= 300(n + m)λ where
– for minimizing the variance VARZ(x
maxEI ) (ω),t
population size λ = 4 + b3 log(n + m)c and σ0 is one half of the domain.
When run on a 3.6 GHz CPU in the six dimensional test case up to 120 iterations, the EI-VAR algorithm with the above settings requires on the average 30
(up to 60) seconds for hyper-parameter estimation, 25 (up to 240) seconds for
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(a)

Fig. 5: Convergence of the complete approach (EI-VAR) on the 6D test case.
20th and 80th percentile of the distance to the optimum vs. number of simulator calls. The curves are based on 10 runs with fixed initial design (diamonds)
or generating a new random LH for every run (stars).
the EI maximization and 60 (up to 260) seconds for the variance minimization
per iteration. The code was implemented in Scilab and was based on KRISP
toolbox (KRIging based regression and optimization Scilab Package, [14]).

In fig. 5 we show the 20th and 80th percentile of convergence rates for 10
runs of the complete approach (EI-VAR) on the 6D test function for two
cases: either the initial DOE is fixed (and is a Mean Square Error optimized
Latin Hypercube [2]) or the initial DOE is a RLHD independently generated
for every run. The fixed design leads to slightly faster convergences with less
variance between runs. The convergence with fixed initial DOE (diamonds)
reflects the performance variation due to the stochastic sub-optimization procedures. The convergence of EI-VAR with random initial design (stars) tends
to that with fixed design which indicates that the method is rather robust
to the initial DOE and most of the variance in the results is due to the suboptimizations.

5.3 Comparison results
The results of the comparative tests are summarized in Figures 6, 7 8 and
9. Figure 6 and 7 show the convergence rates to x∗ in the 2D and 4D test
cases. Convergence rates for the 6D test case are reported in the two following
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figures: Figure 8 details each dimension of x, and the overall convergence rates
as well as their 20th and 80th percentiles are given in fig. 9.
The main conclusion from figures 6, 7 and 9 is that, in all test cases, the
convergence rates of the proposed EI-VAR approach are better than those
of the MC based optimizations EI-MC and EI-MC-kriging. By construction,
EI-VAR (and also EI-MC-kriging) is O(k) times less expensive in terms of simulator use per iteration. This advantage would grow in the numerous practical
situations where more than 20 Monte Carlo simulations (the largest tested k)
are needed. Notice also (fig. 9) that the confidence intervals of EI-VAR and
EI-MC-kriging are tighter than those of the EI-MC approach and decrease
with the number of sampled points.
The precision of the solutions of the nested crude MC based approaches is limited by k, the number of MC simulations per objective function call. k controls
the accuracy with which the objective, EU [f (x, U )], is estimated. As can be
seen in the difficult 6D test case, particularly on the most multi-modal third
component x3 , EI-MC results may diverge for low k’s. Although the convergence accuracy of EI-MC based algorithms improves with higher k’s, EI-VAR
has already converged before the initial DOE of EI-MC has been completed
(fig. 9).
The convergence of the nested approach EI-MC-kriging is comparable to that
of the proposed EI-VAR method in the 2D and 4D test cases (fig. 6, 7), also in
all cases EI-VAR outperformed EI-MC-kriging. However, the need for a careful
(x, u) sampling (here through the VAR(Z) criterion) and accounting of epistemic error for uncertainty quantification (here through projected process) is
felt on the more complex 6D case: the results of the EI-MC-kriging degrade in
6D, to become clearly inferior to that of the EI-VAR approach.

6 Concluding remarks
In this article, a new robust optimization method has been proposed to address
problems where some of the input parameters (the “u”’s) are random. The
method minimizes on deterministic variables (the “x”’s) the expected objective
by, first, creating a kriging model in the joined space of deterministic and
probabilistic input parameters (x, u). Then a ”projected” Gaussian process
(i.e., a process averaged over the random variables) is analytically derived in
the case of Gaussian uncertainties. The projected process approximates the
mean objective. The maximization of the EI of the projected process together
with the minimization of its variance allow to simultaneously optimize x, and
sample the uncertain parameters u.
The method has been compared to the related EGO algorithms where
Monte Carlo simulations were performed either on a kriging model built in the
joined space or on the true simulator. The results indicate significant enhancements in terms of precision and number of calls to the simulator on analytical
test cases going from two to six dimensions. The proposed method has two
additional assets that direct Monte Carlo methods do not have: points are not
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drawn randomly in the space of uncertain parameters but chosen according
to an informational benefit (kriging variance reduction in high performance
regions); previous points are fully taken into account when choosing the next
optimization and random parameters.
The following potential limitations should be reported. Firstly, many practical robust optimization formulations include analysis of variation, where, for
instance, a quantile is minimized instead of mean objective. The MC based
approaches can easily be adapted to different robustness measures, which is
not obvious with the proposed method. Further research is needed along this
direction.
Secondly, a kriging process must be built in the high dimensional space of
the deterministic and random variables. On the contrary, EGO using crude
Monte Carlo approach only needs kriging in the smaller space of the deterministic variables. Therefore, the proposed method will rapidly encounter the
limitations of kriging in high dimensions.
Thirdly, the performance of the method depends on the ability of the regression model Y , i.e. its Gaussian kernel, to model the true simulator and
on the validity of the normal noise assumption ( joint Gaussian variables can
be dealt through the linear transformation that makes them independent).
The Gaussian covariance kernel yields very smooth (infinitely differentiable)
trajectories. In cases where such trajectories are not appropriate to model the
underlying simulator or where different noise models for environment variables
are necessary, the covariance functions of the projected process may be attainable by numerical integration. Further investigations into such situations are
needed.
Finally, in practice one is often interested in the case where u is an additive
variation of the nominal x , i.e., the actual input variable to the simulation is
x + u. Geometrical tolerances is a typical example of this situation. A straightforward variant of our method could be proposed in this situation which would
rely only on kriging and projected kriging models in the x space.
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A Expectation and covariance of the projected process
h
i
t (ω) as a function of x we need to calculate E
t
To obtain the mean of Z(x)
Ω Z(x) (ω) . Assuming that the Fubinis condition
Z Z
|y(x, u)|dρ(u)dP (ω) < ∞
Ω

(27)

Rm

is satisfied we can change the order of integrals and say that
h
i
h
i
t
t
EΩ Z(x)
(ω) = EΩ EU [Y(x,U
) (ω)]
h
i Z
t
= EU EΩ [Y(x,U
(ω)]
=
)

Z
Rm

y t (x, u)dP (ω)dρ(u).

(28)

Ω

t
1
∗ >
Ω y (x, u)dP (ω) is given by the conditional mean formula eq. (6). If X∗ = [x∗ , ...xr ]
is a r × n matrix of r test points we have

R


 Z
t
E Z(X
(ω)
=
meanY (X∗ , u)dρ(u)
∗)
Rm
Z
+
covY (X∗ , u; X, U)covY (X, U; X, U)−1 (Y − meanY (X, U))dρ(u)
Rm

(29)
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where covY (X, U; X, U)−1 is a t × t matrix and (Y − meanY (X, U)) is t × 1 vector. If we
denote by c the t × 1 vector covY (X, U; X, U)−1 (Y − meanY (X, U)), then eq. (29) becomes


 Z
t
E Z(X
(ω) =
∗)

Rm

Z

meanY (X∗ , u)dρ(u) +

Rm

Z
ci

i=1



=

t
X

meanY (xj∗ , u)dρ(u)

+
1≤j≤r

t
X

ci

covY (X∗ , u; xi , ui )dρ(u)

(30)

!

Z
Rm

i=1

Rm

covY (xj∗ , u; xi , ui )dρ(u)

.
1≤j≤r

The covariance of the projected process can be obtained in a simular fashion (cf. [15]):



t
COV Z(X
(ω) =
(31)
∗)
Z
Z
=
covY (X∗ , u; X∗ , u0 )dρ(u)dρ(u0 )
(32)
Rm Rm
Z
Z
covY (X, U; X∗ , u0 )dρ(u0 ))
−
covY (X∗ , u; X, U)dρ(u)covY (X, U; X, U)−1
Rm
Rm

Z
Z
=
covY (xi∗ , u; xj∗ , u0 )dρ(u)dρ(u0 )
Rm

Rm

−
Rm

1≤i,j≤r

t X
t
X

Z

Z

Rm k=1 l=1

!
ckl covY (xi∗ , u; xl , ul )covY (xk , uk ; xj∗ , u0 )dρ(u)dρ(u0 )

.
1≤i,j≤r

where ckl are the coefficients of the t×t matrix covY (X, U; X, U)−1 . By taking the integrals
of each element in the sums and by the independence of the two integrals we rewrite eq. (31)
as


t
COV Z(X
(ω)
=
)
∗
Z

Z
covY (xi∗ , u; xj∗ , u0 )dρ(u)dρ(u0 )
Rm

−

t
X

Rm

t
X

k=1 l=1

1≤i,j≤r

Z
ckl

(33)

Rm

covY (xi∗ , u; xl , ul )dρ(u)

Z
Rm

!
k

covY (x , u

k

; xj∗ , u0 )dρ(u0 )
1≤i,j≤r

B Double integral of the covariance
To calculate the covariance of Z using eq. (10), we need the analytical solution of the integral

I(x, x0 ) =

Z
Rm

Z
Rm

covY (x, u; x0 , u0 )dρ(u0 )dρ(u).

(34)
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Using the same reasoning as in section 3.1.1, we write
I(x, x0 ) =

n
Y

|D|1/2
|Σ + D|1/2

Z

covY (xi ; x0i ) (2π)m/2 |D|1/2

Z

covY (xi ; x0i )

i=1
n
Y
i=1
n
Y
i=1
n
Y
i=1
n
Y
i=1

Rm

Rm



1
exp − (u − µ)T (Σ + D)−1 (u − µ) dρ(u) =
2
fN (0,Σ+D) (µ − u)fN (µ,Σ) (u)du =

covY (xi ; x0i ) (2π)m/2 |D|1/2 fN (0,Σ+D) ∗ fN (µ,Σ) (µ) =
covY (xi ; x0i ) (2π)m/2 |D|1/2 fN (µ,2Σ+D) (µ) =
covY (xi ; x0i )

|D|1/2
.
|2Σ + D|1/2
(35)
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(a) Average convergence on 2D test case(zoomed in)

(b) Average convergence on 4D test case (zoomed in)

Fig. 6: Convergence rates of the compared methods on the (a) 2D (n = 1,
m = 1) and (b) 4D (n = 2, m = 2) Michalewicz test function. EI-MC with
k = 3 (diamonds), k = 5 (squares), k = 10 (stars), k = 20 (dotted), complete
EI-VAR (solid) and simplified EI-MC-kriging (crosses).
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(a) Average convergence for x1

(b) Average convergence for x2

(c) 20th and 80th percentile of convergence

Fig. 7: Convergence rates (average and percentiles) of the compared methods
on the 4D Michalewicz test function (n = 2, m = 2). EI-MC with k = 3
(diamonds), k = 5 (squares), k = 10 (stars), k = 20 (dotted), complete EIVAR (solid) and simplified EI-MC-kriging (crosses).
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(a) Average convergence for x1

(b) Average convergence for x2

(c) Average convergence for x3

Fig. 8: Convergence rates of the compared methods on the 6D Michalewicz
test function (n = 3, m = 3).EI-MC with k = 3 (diamonds), k = 5 (squares),
k = 10 (stars), k = 20 (dotted), complete EI-VAR (solid) and simplified EIMC-kriging (crosses).
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(a) Average convergence for all dimensions (zoomed in)

(b) 20th and 80th percentile of convergence

(c) 20th and 80th percentile of convergence (zoomed in)

Fig. 9: Convergence rates (summed on all dimensions, average and percentiles)
of the compared methods on the 6D Michalewicz test function (n = 3, m =
3). EI-MC with k = 3 (diamonds), k = 5 (squares), k = 10 (stars), k =
20 (dotted), complete EI-VAR (solid) and simplified EI-MC-kriging (crosses).
Notice how the mean convergence and the confidence interval of the EI-VAR
approach is better than that of the simpler EI-MC-kriging.

