REDUCTION OF CONSTRAINT SYSTEMSSamy Ait-Aoudia, Roland Jegou, Dominique MichelucciEcole des Mines de Saint Etienne158 cours Fauriel42023 ST ETIENNE cedex 2FRANCEait@emse.fr, jegou@emse.fr, micheluc@emse.frABSTRACTGeometric modeling by constraints leads to large systems of algebraic equations. This paperstudies bipartite graphs underlaid by systems of equations. It shows how these graphs makepossible to polynomially decompose these systems into well constrained, over-, and under-constrained subsystems. This paper also gives an efficient method to decompose wellconstrained systems into irreducible ones. These decompositions greatly speed up theresolution in case of reducible systems. They also allow debugging systems of constraints.Key Words: geometric modeling, constraints, bipartite graphs, matching, maximummatching, perfect matching.1. INTRODUCTIONGeometric modeling by constraints is aninteresting approach in CAD. Typically, in 2D,geometric modeling by constraints specifiesgeometrical objects such as points, lines,circles, conics by a set of constraints˚: distancesbetween points, points and lines, parallel lines,angles between lines, incidence relationsbetween points and lines, points and circles,tangency relations between lines and circles orbetween circles, and so on. In 3D, geometricmodeling by constraints must take into accountnew objects like planes, quadrics, and newconstraints such as dihedral angles.Geometric modeling yields large systems ofalgebraic equations (linear or not linear). Manyprogramming styles or languages have beeninvestigated˚: imperative, object oriented, rulesdriven. Many resolution methods have beeninvestigated : geometric, numerical, symbolic...Geometric methods can be very efficient but areonly applicable to particular kinds of problems˚:see [Owen91]. Numerical methods (Newtoniteration, gaussian elimination, matrix inversionand so on) are O(N3) or worse. Symbolicmethods (Grobner bases, elimination withresultants) are typically exponential in time andspace. Report to the survey in [Verroust90] and[Roller et al.89] for details on these differentapproaches. Anyway, all general methods aretime-consuming on large systems, so anyreduction method is interesting.This paper considers the natural bipartite graphassociated with systems of equations and givessome structural properties of this graph, whichcan be used to simplify resolution. This bipartitegraph has one vertex per equation, one vertexper unknown, and an edge between anunknown x and an equation y iff x appears inequation y. This type of graphs has beenalready used, for example by Serrano in[Serrano91]. By convention, equation verticesare elements of Y, unknowns are elements ofX, and in all figures, equation vertices aredrawn above unknown vertices.In the general case, this graph is sufficientenough to decompose the system of equationsin three parts˚: well constrained, over-constrained and under-constrained subsystems.Some of these parts can be empty. This decomposition, which always exists and isunique, is due to Dulmage and Mendelsohn.x1x2x3x4x5y1y3y4y5y2

Figure 1.In Figure 1, { y 1 , y2 , x1 , x2 } is a wellconstrained subsystem. {y3, y4, x3} is an over-constrained subsystem. {y5, x3, x5} is anunder-constrained subsystem.Let us first give some intuitive definitions. Anover-constrained system has more equationsthan unknowns; its equations are eitherredundant, or contradictory and thus yield nosolution. An under-constrained system hasmore unknowns than equations and hasgenerally an infinite and not enumerable set ofsolutions. In a well constrained system, thenumber of equations is equal to the number ofunknowns, the system contains no over-constrained subsystem, and it has a finitenumber of solutions. The associated graph issaid to be well constrained (respectively under-,over-) when its system is well constrained(respectively under-, over-).In a mathematical way, a system is wellconstrained iff its associated bipartite graphsatisfies the K�nig-Hall relation˚: for anysubset Y� of the set Y of equations, we have|G(Y�)| ‡ |Y�|, where G(Y�) is the set of allneighbours of Y�, ie the set of unknownsappearing in Y�, and | | is the cardinality. Thiscondition is equivalent to the existence of aperfect matching, see later in the paper.Let us introduce a second decomposition.A well constrained graph G is said to beirreducible iff for any proper subset Y�, wehave |G(Y�)| > |Y�|. Let us call a down-subgraphany subgraph of G induced by Y� and G(Y�) ,where Y� is a subset of Y. It is easy to showthat any well constrained graph is eitherirreducible, or contains an irreducible down-subgraph I. Moreover G - I is still wellconstrained, or empty. So the resolution of thesystem associated with G is reduced to thesuccessive resolution of the subsystemsassociated with the irreducible subgraphs of G.

y1y2y3y4y5y6y7x1x2x3x4x5x6x7Figure 2.In Figure 2, G is well constrained. I1 = {y1,y2, x1, x2} is the unique irreducible down-subgraph of G . I2 = {y3, y4, x3, x4} is theunique down-irreducible subgraph of G - I1. G- I1 - I2 = {y5 , y6 , y7 , x5 , x6 , x7 } isirreducible.As proved in the sequel, bipartite graphsassociated with over-constrained systems admitalso such a decomposition, but it is not unique.This paper gives an efficient method to obtainsuch decompositions. Its cost is bounded by thetime of the search of a maximum matching.These two decompositions are interesting in twoways.First, programming by constraints is stillprogramming, and so there are always bugs˚!One can even think that debugging constraintsprograms is more difficult than debuggingimperative programs. Then the decompositionin well, over- and under- constrained parts is afirst and important help. Moreover, when thesystem is well constrained, the decompositioninto irreducible parts enables the user to followthe resolution process step by step, ieirreducible after irreducible˚: the decompositiongives the trace of running of the resolutionprocess. This is a very important˚feature˚:remember that classical numerical methodscannot explain their way to the user.On the other hand, for well constrainedsystems, the decomposition into irreducibleones greatly speeds up the resolution.Numerical methods of resolution needs times atleast cubic in the size of the system, andsymbolic methods needs exponential time, soany method which reduces the system intosmaller ones is interesting. Maybe the system isirreducible, but anyway the time needed by this

decomposition is negligible compared to thetime of the brute force approach.For over-constrained systems, the graph is notsufficient enough to decide wether the equationsare redundant or contradictory. A possible wayto solve such a system is to find any wellconstrained subsystem, to solve it (this systemcan also be reduced into irreduciblecomponents) and to verify if the remainingequations are satisfied or not.For under-constrained systems, we do not haveenough information to set all the unknowns. Apossible way is to consider some of them asparameters. We can choose them to obtain awell constrained system, and then we can applythe previous method. Howewer, there is aproblem in this choice˚: this will be detailedlater.Geometric modeling by constraints has receivedgreat attention. Barford has given a necessaryand sufficient condition for a system to be wellconstrained, in terms of maximum networkflows [Barford87]. Serrano in [Serrano91] hasasked for the decomposition into subsystems,but he did not detail a polynomial algorithm.Owen in [Owen91] also used graphs anddecomposition, but in a very different way.Murota in [Murota87] also used the Dulmage -Mendelsohn decomposition, but in a moresophisticated modelization˚: he differentiatesunknowns and parameters and he uses adifferent bipartite graph. The Dulmage -Mendelsohn decomposition was sometimesused to solve large linear systems of equations,but there exist more specific and efficientmethods in the linear case, see [Duff77] and[Poth-Fan90].The results presented here are well known ingraph theory but they seem to be ignored in thesolid modeling community. This paper intendsto be a comprehensive introduction to thistheory, and to show its interest in practicalresolution of systems in solid modeling.The paper is organised as follows. In thesecond section we give some details on therelation between the algebraic system and thegraph which modelises it. In the third sectionwe analyze the mathematical structure ofbipartite graph, we present the Dulmage-Mendelsohn and K�nig decomposition andexplain how to obtain them. In the fourthsection we give the algorithms which calculatethese decompositions, they are linear in spaceand their time is bounded by the cost of thesearch of a maximum matching in a bipartitegraph, we give also three examples of constraintsystems. We end the paper by some openproblems.2. ALGEBRAIC SYSTEM ANDGRAPHIn this paragraph, we investigate somelimitations of our modelization based on the factthat the knowledge of the structural propertiesof the associated bipartite graph is not sufficientenough to completely solve the system. Let usmention some of them.Equations of an over-constrained system areeither redundant or contradictory, but the graphcannot distinguish between these cases.Generally, an under-constrained graph isassociated with a system which has an infiniteand not numerable set of solutions. Forinstance, the system with one equation and twounknowns˚: { x1+ x2= 0 }. Howewer, someunder-constrained systems have a finite (orempty) set of real solutions, for example thesystem with one equation and two unknowns˚:{ x12 + x22 = 0 }. The graph gives no help todistinguish between these cases.�Structurally�, a well constrained graph isassociated with a system which has a finitenumber of solutions. Howewer, in some�accidental� (by opposition to �structural�)cases, the jacobian |¶fi / ¶xj| can be null for allxj, and the graph cannot detect such a case.

x1x2y1y2Figure 3.For example, the graph of Figure˚3 isassociated with the well constrained system {x1+ x2= 1, x1+ 2x2 = 3} which has a finite set ofsolutions, with the singular system { x1+ x2=1, 2x1 + 2x2 = 3} which has no solutions, andwith the singular system { x1+ x2 = 1, 2x1 +2 x 2 = 2} which has an infinite and notnumerable set of solutions. In the last twocases, the jacobian is null for all xj, due to thefact that the coefficients satisfy a �parasite�condition˚: if you slightly modify some of the coefficients, without changing the associatedbipartite graph, the jacobian does not vanish. Inthese cases, the nullity of the jacobian hasnothing to do with the structure of the graph.

y1y2y3x1x2x3Figure 4.On the contrary, the graph in Figure 4 is notwell constrained (there is no perfect matching),so we can assert that the jacobian of allassociated systems is �structurally� null, and nomatter the values of the coefficients. In fact, therank of the jacobian is always smaller or equalto the cardinality of a maximum matching of theassociated bipartite graph. In general, these twovalues are equal. When they are different, it isdue to �accidental� reasons, as said in theprevious paragraph. See [Murota87].In a more mathematical way, when allcoefficients of the system are algebraicallyindependent, then they cannot satisfy anyparasite equation and the rank of the jacobian isequal to the cardinality of a maximum matching,see [Murota87].The following concentrates on the structuralproperties of systems of equations and soignores these �accidental� cases.3. STRUCTURAL PROPERTIES OFBIPARTITE GRAPHSLet us now present the fundamental results ofDulmage & Mendelsohn about thedecomposition of bipartite graphs, see[Dulmage-Mendelsohn58], [Dulmage-Mendelsohn59], [Dulmage-Mendelsohn62],[Dulmage-Mendelsohn63]. The decompositionalgorithm will be described in the nextparagraph.First we need to recall some definitions and togive some notations.Let G = (V, E) be a bipartite graph with edges Eand with vertices V. Then V = Y ¨ X and Y ˙X= ˘. Y is the set of equations, X is the set ofunknowns.A matching M of G is any subset of E such thatany two distinct edges in M do not have acommon vertex. M is a maximum matching iff itis maximal in cardinality. A vertex is saturated,or covered, by M iff it is a vertex of one edge inM. A matching saturating all vertices of G iscalled perfect. We use all along the paper theclassical notions of graph theory, see[Berge83].Let us just recall the definition of connectedcomponents and of strongly connectedcomponents.A graph G = (V, E) is said to be connected ifffor any pair x and y of vertices, there exists anon directed path joining x and y in G. Theconnected components of G are the maximalconnected subgraphs of G. They partition V andE.A directed graph G = (V, E) is said to bestrongly connected iff for any pair x and y ofvertices, there exist a directed path from x to yand a directed path from y to x. The stronglyconnected components of G are the maximalstrongly connected subgraphs of G. Theypartition V.In a directed graph G, a vertex s is said to be asource iff G does not contain any arc vs and s issaid to be a sink iff G does not contain any arcsv.3 . 1 . D u l m a g e - M e n d e l s o h n decompositionAs mentionned in the introduction, any bipartitegraph can be canonically partitionned in threeparts. The following theorem due to Dulmage &Mendelsohn describes this structure.Theorem 1. Let G = (V, E) be any bipartitegraph G. Then V can be partitionned into threesets˚: D, A, C where D is the set of all verticesin G which are not covered by at least onemaximum matching, A is the set of all verticesin V - D adjacent to at least one vertex in D andfinally C is V - A - D. These subsets are uniqueand yield a unique decomposition of G intothree subgraphs G1, G2, G3 defined by˚G1 =(C1, C2, E1) where C1 = C ˙ Y, C2 = C ˙ X,and E1 are induced edges of G1, G2 = (D1, A2,E2) where D1 = D ˙ Y, A2 = A ˙ X, and E2 areinduced edges of G2, G3 = (A1, D2, E3) whereA1 = A ˙ Y, D2 = D ˙ X, and E3 are inducededges of G3.Proof : see [Lovasz-Plummer86].

An example of such a decomposition, calledDM decomposition for short, is shown inFigure 5. At this point, remark that G1 or G2or G3 can be empty. On the other hand, the DMdecomposition has been extended to generalgraphs by Galla� and Edmonds, see [Lovasz-Plummer86].

C1D1A1C2A2D2G1G2G3Figure 5.This decomposition has the followingproperties˚:¥ There is no edge between D1 and C2, betweenD2 and C1, between D1 and D2.¥ G1 has a perfect matching, so |C1| = |C2| .¥ Every maximum matching of G consists of aperfect matching of G1, a matching of A1 intoD2 (all vertices of A1 are covered, at least onevertex of D2 is not), and a matching of A2 intoD1 (all vertices of A2 are covered, at least onevertex of D1 is not). So |M| = |C1| + |A1| + |A2|and |D1| > |A2|, |A1| < |D2|.¥ Edges between C1 and A2, between C2 andA 1, between A 1 and A 2 never belong to amaximum matching.G1 corresponds to the well constrained part ofthe system, G2 to the over-constrained part, andG3 to the under-constrained part.3.2. Bipartite graphs with a perfectmatchingLet us now consider a bipartite graph G = (V,E) with a perfect matching˚: the associatedsystem is structurally well constrained. G isdefined to be irreducible iff for every propersubset Z of Y, |G(Z)| > |Z|. Equivalently, G isirreducible iff for each edge e of G there alwaysexists a perfect matching containing e, see[Berge83]. In other words, with our model, anirreducible graph corresponds to a wellconstrained system whose all propersubsystems are under-constrained.Another result due to K�nig, and Dulmage &Mendelsohn gives the unique and canonicaldecomposition of any bipartite graph with aperfect matching˚into irreducible subgraphs :Theorem 2. Let H be the graph obtained fromG after deleting all edges which never belong toa perfect matching of G. Then the connectedcomponents H 1 , H2 , ... Hk of H areirreducible.Proof. see [Lovasz-Plummer86].An example˚is shown in Figure 6.

y1y2y3y4y5y6y7x1x2x3x4x5x6x7A perfect matching of a bipartite graph G.x1x2x3x4x5x6x7y1y2y3y4y5y6y7

Another perfect matching of G.H1H2H3x1x2x3x4x5x6x7y1y2y3y4y5y6y7

The graph H.Figure 6.The question is now to have an efficient way tofind this decomposition. The following propertygives an answer to this question.

Property˚1. Consider any perfect matching Mof G. Let G� be the directed graph obtainedfrom G by replacing each edge xy in M by thetwo arcs xy and yx, and by orienting all theother edges from Y to X. Then the stronglyconnected components of G� are exactly theconnected components of H˚: H1, H2, ... Hk.Proof. It is sufficient to note that we have : Gis irreducible � G� is strongly connected. Thisequivalence can be easily proved. So thestrongly connected components of G� areirreducible, they necessarily correspond to theunique H1, H2, ... Hk of Theorem 2.In fact this construction yields moreinformation. Let R be the directed graphobtained from G by contracting in one vertexeach strongly connected component of G� (orH). For instance the previous graph˚leads to thegraph R shown in Figure 7.

H1H2H3Figure 7.It is well known that R is acyclic, so R inducesa partial order on H 1, H2, ... Hk. For ourneeds, this means˚that if R has an arc from Hito H j , then subsystem H i uses someunknown(s) of subsystem Hj ; thus Hj must besolved before Hi.3.3. General caseLet us now consider any bipartite graph G andlet M be any maximum matching of G. Wedefine G� to be the directed graph obtained fromG by replacing each edge xy in M by two arcsxy and yx, and by orienting all other edges fromY to X. The strongly connected components ofG� are included either in G1, or in G2, or in G3.Moreover, if Y contains non saturated vertices,then they are sources of G2 , thus G2 is notempty. Symmetrically if X contains nonsaturated vertices, then they are sinks of G3 ,which is therefore not empty. These propertiesresult directly from the definition of G�, fromTheorem 1 and its consequences.Then the structure obtained on G� h a s necessarily the form given in Figure 8.G1G2G3sinkssources strongly connectedcomponents strongly connectedcomponents strongly connectedcomponents

Figure 8.The property 1 ensures a unique decompositionfor G1, but the decompositions of G2 and G3depends on the maximum matching M chosen.Anyway we have the following property.Property˚2.G2 = { z | $ path y,..., z in G� such that yis a source of G� }G3 = { t | $ path t,..., x in G� such that xis a sink of G� }Proof. It is an immediate consequence of thestructure of G�.Similarly to the case of graphs with a perfectmatching, the directed graph R, obtained fromG� by contracting in one vertex each stronglyconnected component, is acyclic, this induces apartial order between strongly connectedcomponents. Thus any compatible total ordergives an order of resolution of subsystemsassociated with strongly connected componentsof G1 and G2 with cardinality strictly greaterthan 1. This is a consequence of the fact that G1¨ G2 always contains an irreducible down-subgraph. On the other hand, as G3 cannotcontain an irreducible down-subgraph, there isno way to solve it, except by seting unknownscorresponding to its non saturated vertices.It is important to mention that the order ofresolution on G2 is fundamentally dependent onthe choice of the maximum matching. In fact,G 2 contains several irreducible down-subgraphs, and the best method is to solve thesmallest in cardinality. However, efficientlyfinding the smallest irreducible down-subgraphof G2 is an open problem. Another strategy is tochoose any subset S of D1 with cardinality |A2|;

the down-subgraph generated by S and denotedby T has a perfect matching under thehypothesis that G2 has only one connectedcomponent. Otherwise we have to work on eachconnected component of G2. Then we apply thedecomposition given in 3.2 to this subgraph T.A similar problem arises with G3. We can setany subset of unknowns in D2 with cardinality|D2| - |A1|, for instance the non saturated verticesof D2. The resulting subgraph T has a perfectmatching under the hypothesis that G3 has onlyone connected component. Otherwise we haveto work on each connected component. Thenwe apply the decomposition given in 3.2 to thissubgraph T. A problem here is to find a goodsubset S, that means one that will yield asubgraph T with the smallest irreducible down-subgraph. This seems to be a difficult problem.For instance, consider the graph G shown inFigure 9 and a maximum matching M = {y1x1, y2x2, y4x3, y6x4, y7x6}˚:

y1y2y3y4y5y6y7x1x2x3x4x5x6x7Figure 9.y3 and y5 are the non saturated vertices of Y,and so the sources of G2. By property 2, weget G 2˚=˚{y3, x3, y4, y5, x4, y6}, shown inFigure 10. Note that G2˚has two connectedcomponents {y3, x3, y4} and {y5, x4, y6}.

y1y2y3y4y5y6y7x1x2x3x4x5x6x7Figure 10.x5 and x7 are the non saturated vertices of X,and so the sinks of G3. By property 2, we getG3˚=˚{y7,˚x5, x6, x7}, shown in Figure 11.

y1y2y3y4y5y6y7x1x2x3x4x5x6x7Figure 11.Finally we get G1 = G˚- G2 - G3 = {x1, x2, y1,y2}.4. ALGORITHMSLet G = (V, E) be a bipartite graph associatedwith a system of equations. Let us take thenotations n = |V|, m = |E|. We now give thealgorithms to obtain the previously presenteddecompositions. Their proofs are directconsequences of the properties described insection 3˚:4.1. DM - DecompositionThe subgraphs G 1, G2, G3 of G can beobtained by the following algorithm˚:1. Find a maximum matching M of G.2. Build the directed graph G� from G byreplacing each edge xy in M by two arcs xy andyx, and by orienting all other edges from Y toX .3. G2 is the set of all descendants of sources ofG�.4. Symmetrically, G3 is the set of all ancestorsof sinks of G�.5. Finally, G1 is G - G2 - G3.The steps 2, 3, 4 and 5 can be computed in O(n+m), and the whole algorithm runs in O( mn1/2) using Hopcroft & Karp�s algorithm[Hopcroft-Karp73] for step 1.The computation of the connected componentsof G1, G2, G3 can be done by using depth firstor breadth first search in linear time.4.2. Decomposition into irreducibleparts4.2.1. Well constrained systems

Suppose G is well constrained, G = G1 and G2= G3 = ˘. The following algorithm gives theunique decomposition of G into its irreduciblecomponents and an order of resolution betweenthem (see Theorem 2).1. Find a maximum matching M of G (actually,M is a perfect matching).2. Built the directed graph G� from G byreplacing each edge xy in M by two arcs xy andyx, and by orienting all other edges from Y toX .3. Compute the strongly connected componentsof G�. Each of these strongly connectedcomponents is irreducible.4. To compute the dependencies between theseirreducible subgraphs, build the reduced graphR from G� by contracting each stronglyconnected component in a vertex. Each arc ofR, say from s1 to s2, means˚: solve subsystems2 before s1 . A compatible total order betweensubsystems can be obtained by any topologicalsorting of R.Steps 2, 3 and 4 can be computed in O( n+m).Step 3 and 4 can be executed using Tarjan�salgorithm [Tarjan72]. At this point, we can notethat the order of obtention of the stronglyconnected components (ie the irreduciblesubsystems) is a compatible order of resolution,it is a byproduct of Tarjan’s algorithm. Thus thestep 4 can be suppressed if we do not want thepartial order induced by R. Running time of thewhole algorithm including step 1 is bounded bythe cost of the search of a maximum matching.Of course, if a maximum matching is alreadyknown, the algorithm is linear.The decomposition is independent of themaximum matching M.4.2.2. Well and over-constrainedsystemsThe previous method can be applied to G1 ¨G2. However, the maximum matching M is notperfect, and remember that the decomposition ofG2 depends on the maximum matching M.The method corresponds to reject the nonsaturated vertices of G2. Thus we obtain a wellconstrained system which can be completelysolved. At the end, we have to verify that thediscarded equations are satisfied by the foundsolutions.4.3. ExperimentsWe present here three illustratives examples ofreal systems of constraints and give for each thecorresponding decomposition.A �dimensioning scheme� is shown in figure12. The points A and B are initially fixed. Thelabelled edges corresponds to the distanceconstraints (quadratic equations). §1 and §2 arethe arguments of the angle constraints.

ABCDEFG

§1§2567910

13428Figure 12.The system of equations corresponding to thisscheme is well constrained so G = G1 and G2 =G3 = fl. The perfect matching {eq1xC, eq2yC,eq3xD, eq4yD, eq5xE, eq6yE, eq7xF, eq8yF,eq9xG, eq10yG} and the decomposition of Ginto irreducible components is shown in figure13. The order of resolution of these irreducibleparts is the following : G11, G12, G13, G14 andG15. We first compute the coordinates of thepoint C using the two first equations, then thecoordinates of points D, E, F and G in thisorder.xCyCxDyDxEyExFyFxGyG eq1eq2eq3eq5eq6eq7eq8eq9eq10eq4G11G12G13G14G15G1Figure 13.

In practice, to solve algebraic systems, we use avariant of Krawczyk - Moore algorithm˚: abisection method that use interval Newtoniterations (see [Kearfott87], [Moore-Qi82] or[Snyder92]). This method finds all solutions ina given domain. The resolution time of figure12 is divided by 20 when using thisdecomposition instead of methods that solvesimultaneously the set of equations. The gaincan be more important for big reduciblesystems. For irreducible systems, thedecomposition can not speed up the resolutionbut the decomposition time is anyway negligiblecompared to the resolution time.Both under and over constrained systemscauses numerical difficulties if solved byclassical methods. The decomposition we usedhere allow us detecting under and overconstrained geometries of a scheme. Anexample of an under-constrained dimensioningscheme is illustrated in figure 14. The point E isfree to move along the circle centered in C withthe distance between points C and E as ray. Asshown above, the points A and B are fixed.

ABCDE

12345Figure 14.The decomposition of the associated graph isshown in figure 15.

eq1eq2eq3eq4eq5xCyCxDyDxEyE

G11G12G1G3Figure 15.G = G1 + G3, G2 = fl.The sub-graph G3 is not empty so we have anunder-constrained geometry (here the point E).An example of an over-constraineddimensioning scheme is illustrated in figure 16.

ABCD

12345Figure 16.The decomposition of the associated graph isshown in figure 17.G = G2, G1 = G3 = fl.The sub-graph G2 is not empty so we haveconflicting constraints. A strategy is to solve thesystem of equations after removing (eq5) (thenon satured equation vertex) and then test if thefound solution verifies (eq5).

eq1eq2eq3eq4eq5xCyCxDyD

G2Figure 17.This work was implemented on a SUNworkstation using LeLisp language.5. CONCLUSIONThe methods presented in this paper can be usedto gain some knowledge on the combinatorialstructure of the systems of equations, and so todebug them. On the other hand, theysignificantly speed up the resolution and enablethe user to follow the resolution process.

However the problem is not completely solvedfor over- and under-constrained systems. In thefirst case, efficiently finding the smallestirreducible down-subgraph of the associatedgraph and, in the second case, finding the bestsubset of unknowns to set, seems to beinteresting problems of graph theory.Previous algorithms build decompositions fromscratch, but for interactive use, the possibility toincrementally modify the systems of constraintsis useful. In this context, we have toincrementally and efficiently update thedecompositions after each modification˚:insertion or suppression of a vertex or an edge.This is another open question.REFERENCESBerge, C. 1983 Graphes, Gauthier-VillarsBordas.Barford, L.A. 1987 A Graphical Language-Based Editor For Generic Solid ModelsRepresented by Constraints, PhD Thesis,Cornell University.Duff, I.S. A Survey of Sparse MatrixResearch, proceedings of the IEEE, Vol. 65,No 4, 500-535, april 1977.Dulmage, A.L., Mendelsohn, N.S. 1958Coverings of bipartite graphs, Canad. J.Math., 10, 517-534.Dulmage, A.L., Mendelsohn, N.S. 1959 AStructure Theory of Bipartite Graphs ofFinite Exterior Dimension, Trans. of RoyalSoc. Canada, Section III, 53, 1-13.Dulmage, A.L., Mendelsohn, N.S. 1962 Onthe Inversion of Sparsed Matrices, Math.Comput., 16, 494-496.Dulmage, A.L., Mendelsohn, N.S. 1963 TwoAlgorithms for Bipartite Graphs, SIAM J,11, 183-194.Hopcroft,J.E., Karp, R.M. 1973 An n5/2algorithm for maximum matching in bipartitegraphs, SIAM J. Computing, 2, 225-231.Kearfott, R.B. 1987 Some tests of GeneralizedB i s e c t i o n , ACM Transactions onMathematical Software, Vol. 13, No. 3,197-220.Murota, K. 1987 Systems Analysis by Graphsand Matroids, Structural Solvability andControllability, Springer Verlag.Lovasz, L., M.D. Plummer, M.D. 1986Matching Theory, North-Holland.Moore, R.E., QI, L. 1982 , A SuccessiveInterval for Nonlinear Systems, SIAM J.Numerical Analysis, Vol. 19, No. 4, 845-850.Owen, J.C. 1991 Algebraic Solution forGeometry from Dimensional Constraints,Symp. on Solid Modeling Foundations andCAD/CAM Applications, 397-407.Poth, A., Fan, C.J. 1990 Computing the BlockTriangular Form of a Sparse Matrix, ACMTransactions on Mathematical Software,Vol. 16, No. 4, 303-324.Serrano, D. 1991 Automatic Dimensioning inDesign for Manufacturing, Symp. on SolidModeling Foundations and CAD/CAMApplications, 379-386.Snyder,J.M. 1992 Interval Analysis ForComputer Graphics, Computer Graphics,Vol. 26, No. 2, 121-130.Roller, D., Schonek, F., Verroust, A. 1989Dimension-driven Geometry in CAD˚: ASurvey, Rapport de Recherche duLaboratoire d�Informatique de l�EcoleNormale Sup�rieure, LIENS-89-1. Tarjan, R.E. 1972 Depth First Search andLinear Graph Algorithms, SIAM J.Computing, 1, 2, 146-160.Verroust, A. 1990 Etude de probl�mes li�s � lad�finition, la visualisation et l�animationd�objets complexes en informatiquegraphique, Th�se d�Etat, Universit� deParis-Sud, Centre d�Orsay.