1Error-Free Boundary EvaluationBased on a Lazy Rational Arithmetic:A Detailed ImplementationM.O. Benouamer, D. Michelucci, and B. PerocheEcole Nationale Sup�rieure des Mines de Saint-EtienneD�partement Informatique Appliqu�e158, Cours Fauriel42023 SAINT-ETIENNE Cedex 2, FRANCET�l˚: (33) 77 42 01 23Fax˚: (33) 77 42 00 00Email : micheluc@emse.frAbstractA new boundary evaluation method is presented. It is based onerror-free Boolean operations on polyhedral solids. W e describe, in detail, an intersection algorithm that handles, ina straightforward way, all the possible geometric cases. Wealso describe a general data structure that allows an unifiedstorage of solid boundaries. The intersection algorithmalways runs to completion, producing consistent solids fromconsistent operands. Numerical errors are handled at analgorithm independent level: an original exact arithmetic thatperforms only the necessary precise computations. Resultsfrom our implementation of this CSG solver are discussed.Keywords : Solid Modeling, Non-manifold Polyhedra,Boundary Evaluation, Numerical Errors, Lazy RationalAritmetic.I. INTRODUCTIONConstructive Solid Geometry (CSG) and BoundaryRepresentation (BRep) are two well-established schemesfor specifying solid objects. Many solid modeling systemscombine the two schemes to satisfy a wide range ofapplications. Converting a CSG representation of anobject to an equivalent boundary representation is knownas the Boundary Evaluation problem [17]. It entailscomputing the boundary of a solid that is the result of aset-operation (intersection, union, or difference) applied totwo solids with known boundaries. Solids are closedregular subsets of the Euclidean space, and set-theoreticoperations are replaced by their regularized versions [22].Several algorithms exist for solving Boolean operationson polyhedral solids, but not all satisfactorily address thecrucial problem of numerical errors that are inherent tofloating-point computations [7, 10, 11, 19, 20, 21].In this paper, we present solutions that we haveexperimented in the implementation of a solid modeler.Our approach is based on a general algorithm and datastructure that naturally accommodate non-manifoldgeometric cases.Numerical errors are avoided by the use of a new kindof exact arithmetic (called �Lazy Arithmetic�), thatperforms only the necessary precise computations withoutthe algorithm having to foresee these computations. Section II discusses the general difficulties inboundary evaluation and gives a quick survey of theknown solutions. Section III describes the data structurethat we have used to store the boundary of polyhedralsolids. In Section IV we describe our intersectionalgorithm and the way regularized union and differenceoperations are solved in terms of intersection andcomplement. Section V gives the principle of the �lazy�rational arithmetic. Section VI discusses the way ourerror-free polyhedral modeler may interface with othermodelers that do not rely on an exact arithmetic. SectionVII closes the paper by presenting some experimentalresults.II. GENERAL DIFFICULTIESII.1. Reducing the amount of geometric computationsTo avoid unnecessary geometric computations (i.e.intersection and classification), algorithms quickly seek asufficient list of candidate face pairs, that includes theactually intersecting pairs. Usually, solids and faces areboxed, and the potentially intersecting faces are determinedby testing their bounding boxes for intersection. Thereexist Multidimensional searching techniques that find theK intersecting box pairs in O(K+N.log2N) time, where Nis the total number of boxes [13]. Other methods usemore elaborated spatial directories [12]. For the need ofour algorithm we have used classical bounding boxes, asin [10] and [19], even though many other techniques maybe devised here.II.2. Dealing with degenerate casesAs pointed out in [14], geometric algorithms meettroubles when intersecting geometric elements that are notin �general position�. Each �special� (i.e. degenerate) case

2need be represented and treated in a �special� way, leadingto complex data structures and algorithms. Moreover, onehas to keep in mind that degeneracy often createsopportunities for inconsistencies. This led Edelsbrunnerand M�cke [3] to eliminate all degeneracies by slightlyperturbing the input data.Our method has no more than exactly one �special�case to deal with, it is the non-manifold situation (called�isolated� vertex) treated in Section IV.5.II.3. Dealing with numerical errorsThe first attempt to cope with numerical errors consists inthe use of some empirical �epsilons�. This method cannotalways guarantee consistent results as pointed out in [10].¥ Guibas, Salesin and Stolfi [6] describe a theoreticalframework that allows maintaining intervals in whichdecisions may be taken safely. But how does one decideoutside these intervals ?¥ Segal and Sequin [18, 19, 20] impose a minimumseparation between each pair of primitives (faces, edges, orvertices): any two primitives that are within less than achosen minimal distance must be either merged or pulledapart to maintain the minimum separation.¥ Hoffmann, Hopcroft and Karasick [7] also impose aminimum separation, but they resort to an additionalsymbolic reasoning to ensure a decision never contradictsprevious ones.¥ Milenkovic [15] also places a higher priority ontopology. He describes a verifiable implementation of aline arrangement algorithm, that maintains a consistentgeometrical data base. ¥ Mantyla and Sulonen [11] ensure topologicalconsistency in their GWB solid modeler by the strict useof Euler operators. However, these operators do not avoidcontradictions between numerical and topological data. ¥ Sugihara and Iri [21] observe that if the originalgeometric data are represented in a finite precision, therelative topological configuration of two geometricelements can be computed exactly in some finiteprecision. They show how it is possible to build an error-free polyhedral modeler based on trihedral primitives.¥ Karasick, Lieber and Nakman [8] rely on a rationalarithmetic, a clever use of intervals (of integers) and acareful engineering design, to implement their error-freeDelaunay triangulation.Our approach also relies on a rational arithmetic, butunlike the previous approachs, the way numerical errorsare avoided is totally transparent from the algorithm pointof view. Moreover, the rational arithmetic used here, iscomputationally far less expensive than traditional purerational arithmetics, for that only the strictly necessaryprecise computations are performed, without the algorithmhaving to presuppose these particular computations (seeSection V).III. BOUNDARY REPRESENTATION III.1. Rational polyhedral solidsThe difficulty of implementing a polyhedral solid modelerd e p e n d s , to a certain extent, on the underlyingrepresentation (i.e. data structures). Our modeler is basedon a general data structure that is designed to represent anypolyhedral solid whose boundary is an orientable non-manifold surface, that is to say there may be boundarypoints whose neighbourhoods are not homeomorphic to adisk (e.g. Fig. 1). Solids may have a bounded or anunbounded volume, but their boundary must have a finite,bounded surface area. In our solid modeler, the onlyunbounded solids we deal with are those that aretemporarily created when evaluating a difference or a unionnode of a CSG tree whose primitives are bounded solids,in terms of intersection and complement operations. Thus,these particular unbounded solid are always specified as theregularized complements of bounded solids (Sect. IV.6).

Figure 1. A non-manifold , multi-connected polyhedronFrom now on, we assume rational polyhedral solids,that are polyhedral solids represented by their boundary inwhich the coordinates of the vertices and the coefficientsof the defining face plane equations are all available asrational numbers, regardless of the way these numbers arerepresented. A rational solid is always numericallyconsistent ; for instance, each vertex coordinate triplesatisfies the plane equation of each incident face.The central topological element of the BRep is a newentity, called �flap�, that may be thought of as a �piece�of some face which hangs on some oriented edge.Formally, a flap is an explicit representation of a two-dimensional edge-neighbourhood as defined in [17], that isto say a neighbourhood, with respect to a face f, of pointsin the interior of an edge e of f. We found the flap entityyields the simplest boundary representation of non-manifold polyhedral solids.The BRep is made of two lists for edges and faces. Aface is specified as a list of flaps, where each flap belongsto (i.e. it points to) a unique face and is incident to aunique edge. Each edge has an even number of flapsincident to it (see Fig. 2).

12nFacesSolidFlapsEdgesFigure 2. The adjacency graph of the BRep.

3III.2. Data structureThe data structure chosen for rational solids contains thefollowing records: Solid-record¥ A Boolean indicator that says whether the solid isbounded or not (recall that, in our setting, an unboundedsolid is the regularized complement of some boundedsolid),¥ the list of all faces of the solid,¥ the list of all edges of the solid,¥ the extent of the solid. It is simply the smallest 3D-box whose sides are aligned with the coordinate axes, thatcontains all the vertices of the solid.Face-record¥ A quadruple (a, b, c, d) of rational numbers thatdefine the equation (a.x + b.y + c.z + d = 0) of the faceplane. We assume oriented planes, so that the gradient(a,b,c) always gives an outward normal for the face (i.e. avector directed from the interior to the exterior of thesolid). The defining quadruple is stored in a canonical form(for instance, the first non null coordinate is +1 or -1),¥ the list of all flaps of the face,¥ the extent of the face. It is the smallest 3D-boxwhose sides are aligned with the coordinate axes, thatcontains all the vertices of the face.Edge-record¥ Two triples p1 and p2 of rational coordinates, thatdefine the left and the right endpoint of the edge, in thesense that p1 precedes p2 in lexicographic (i.e. xyz-)order. Edges are unique, they are always stored as orderedpairs (p1, p2),¥ the list of pointers to all the incident flaps,¥ a list of �splitting-points�: that are points at whichthe edge will be split during the intersection algorithm(see Section IV).Flap-record¥ a pointer to the attached edge e,¥ a pointer to the attached face f,¥ the side s of the flap: an integer (–1) defined below.xNy Qpq fVeFigure 3. A flap incident to a manifold edge.Consider the front face f of the solid shown in Fig. 3,where the edge e (= [p, q]) lies on the plane Q of f. For acertain value s (= –1), the triple (e, f, s) defines a flapof f, incident to e. The side value s identifies the half-plane of Q (delimited by the extension line of e) thatcontains the interior of f, in the immediate vicinity of e.Let N be the outward normal of f, and E the tangentvector of e, starting at p and ending at q. From now on,the cross-product V= s* (E � N) will be called the flap-vector of the flap (e, f, s). This vector is orthogonal toE and has the following property: for a given point I ˛(p, q), any point like J = p + e*V is in the interiorof f, for a sufficiently small e>0. This unambiguouslydefines the side value s.

QNyxzfpqFigure 4. Flaps incident to a non-manifold edge.It may happen a face f lies on both sides of anincident edge e, as in the non-manifold solid of Fig. 4. Insuch case, the non-manifold edge e is assigned twoincident flaps with opposite sides (e, f, –1).III.3. What is new in this BRep ?As pointed out in [17], the face entity need be carefullydefined. In our BRep we assume �maximal� faces. Such aface is the largest 2D-subset of the solid�s boundary, thatlies on a single plane so that the solid (i.e. the material) ison the same side of the plane, in the immediate vicinity ofthe face. The solid shown in Fig. 1 has exactly 20maximal faces, and the front face (shaded) is made of 24flaps.Unlike the �star-edge� data structure used in [7], or theone used in [19], our BRep has neither explicit �shells�for the solid�s boundary, nor explicit �loops� for thesolid�s faces. The boundary of a solid is simply specifiedas a list of small boundary pieces (the flaps), incident tothe solid�s edges. Faces need not be connected, they arespecified as maximal lists of coplanar flaps. There may bevoids in solids or holes in faces, but neither are explicitlystated. Edges are unique and stored as ordered pairs ofendpoints. No particular order is assumed on the edges ofthe solid, or on the flaps that belong to a given face orthat are incident to a given edge.One may find this data structure very rudimentarycompared with the variants of the Baumgart�s �Winged-Edge� [1]. This is a deliberate choice leading to a simpleand general data structure that allows unified treatment andrepresentation of multiple topological situations,including the non-manifold ones. Topologicalinformations that are not explicitly stated may beretrieved, on request, by means of linear scanning or bysimple geometric computations.

4Remark : Strictly speaking, maximal faces are nottreated as a polygonal subsets of the boundary (i.e. orderedsequences of coplanar edges and vertices). They are insteadartificial entities that simplify the intersection algorithm.However, faces have an interior and an exterior in that theparity algorithm holds for point/face classification [22]. Consider the shaded rectangular face f of the non-manifold solid of Fig. 4. This face is represented by sixflaps, two of which are incident to the non-manifold edgee = [p, q]. Given a point on the plane Q of f, how can itbe classified with respect to f? Cast a random ray startingat the test point, and compute the number of times the rayproperly intersects the edges attached to the flaps of f (ifthe ray meets the endpoint of some edge, just cast an otherray and redo the whole counting). Since the edge e hasexactly two incident flaps of f, a possible intersectionpoint between the ray and e will be computed and countedexactly twice. Thus the parity (i.e. whether it is even orodd) of the total number of intersection points will be thesame as if the edge e were omitted in the classification(i.e. as if the face f were an ordinary polygon).III.4. Validity conditions of this BRepTo be valid, the BRep must satisfy the following threeconditions :1) two distinct edges may neither overlap nor intersectat a point which is not a common endpoint ;2) two distinct faces may intersect only at edges thatare listed in the BRep ;3) an edge must have an even number of flaps incidentto it. Useless edges, that have exactly two incident flaps(of the same maximal face), must be deleted from theBRep.IV. INTERSECTION ALGORITHMWe now describe an algorithm for computing the rationalBRep of the solid S = A˙B, given two consistent BRepsfor two rational solids A and B. From now on, all thenecessary computations will be supposed error-free , sothat no topological inconsistency can arise from numericalerrors. Numerical consistency is guaranted by the use of aparticular rational arithmetic presented in Section V.A quick surveyGiven two rational solids A and B, with knownboundaries ¶A and ¶B, our intersection algorithm followsthe general scheme described in [17] ; it roughly proceedsin five steps :1) it quickly searches for a sufficient list of candidateface pairs, based on the classical method of boundingboxes;2) each candidate face pair is treated, and all theinformations needed for splitting the original boundariesare collected, and adequately stored for later use ;3) the original boundaries ¶A and ¶B are actually splitinto non intersecting parts. An intermediate data structureis used to store a superset of ¶(A˙B) : the boundary of athe intersection solid ;4) each superset element is classified with respect toA˙B to find the actual members of ¶(A˙B) ;5) the final BRep of A˙ B is generated, then is�cleaned� by deleting the possible �useless� edges.IV.1. Intersecting candidate facesThree kinds of candidate face pairs need be distinguished :1) �transversal� faces, whose planes strictly intersect alongsome line L ; 2) �coplanar� faces, that lie on the samegeometric (i.e. non-oriented) plane ; and 3) �parallel�faces, whose planes are strictly parallel. Obviously,parallel faces can never intersect, and testing whether twofaces are strictly parallel is justifiable since we assumeerror-free computations.During this step we determine the cross-edges betweenall pairs of candidate transversal faces. A cross-edgebetween a face f of A and a face g of B, is the largestopen line segment that lies entirely in the interior of eachface. The algorithm maintains a global list for all thepossible cross-edges, each being stored as a 4-field record(p, q, f, g) where p and q are computed coordinate triplesof the left and right endpoints, and f and g are pointers tothe intersecting faces.In addition, for each original edge of each solid, wecompute all the intersection points between this edge andthe faces of the other solid. These points will be used laterto split the edge into homogeneous sub-edges (Fig. 5). Anhomogeneous sub-edge of an edge e of (say) A, is thelargest line segment of e that has a constant classificationwith respect to the other solid B : the open segment liesentirely in the exterior, or in the interior, or on theboundary of B.

puvwqkB gFigure 5. The edge e = [p, q] of the solid A (not represented)will be split at points k, u, v, and w, into five homogeneoussub-edges. The sub-edge [u, v] need be stored with a referenceto the containing face g of the other solid B.The splitting-points of each original edge e are stored asthe left endpoints of the future sub-edges, within a listattached to e (as announced in Sect. III.2). Each splitting-point of e is represented as a 2-field record (p, g), where pis a computed coordinate triple, and g is a pointer to thepossible face of B in the interior of which lies the sub-edge of e which starts at p (e.g. [u, v] in Fig. 5).Splitting-points, as well as cross-edge endpoints, maycoincide with endpoints of original edges of A and/or B ;they may also result from a strict intersection between anedge of one solid and an edge or a face of the other solid.The algorithm need not distinguish the possible cases.

5IV.1.1 Intersecting two coplanar facesIntersecting coplanar faces is delicate since faces may bearbitrarily complex. However, our algorithm need not dealwith coplanar faces, at all : the necessary work will bedone elsewhere, during the intersection of the transversalfaces. This is a consequence of our requirement that solidshave no �useless� edges, as stated in Section III.4.IV.1.2 Intersecting two transversal facesLet f and g be two transversal faces of A and B ,respectively. Since the two faces may intersect only alongthe intersection line L of their face planes, the face/faceintersection can be reduced to a one dimension problem:each face is intersected with the plane of the other face,then the two results are merged to obtain f˙g. Thisamounts to computing the membership classificationsM[L, f] and M [L, g], then merging them to obtainM[L,f˙g] (see [22]).Face/plane contactsLet f be a face of A, and Q a transversal plane thatintersects the plane of f along some line L. The possibleintersection points between f and Q will be calledface/plane �contacts�. A contact between an edge e (of f)and Q may be either a strict intersection point between eand Q or an endpoint of e (see Fig. 6). In both cases, thecontact is stored as a 4-field record (point, index, tangent-edge-ptr, crossing-edge-ptr), that contains : ¥ the coordinate triple of the contact ;¥ an integer index (0 or +1) that describes the way theedge e intersects the plane Q. A contact is (by convention)assigned the index value +1 if the edge e has one endpointwith a strictly positive signed distance, otherwise theindex value is set to 0.¥ a pointer to e if both endpoints of e lie on Q: insuch case a contact is created at each endpoint of e, andthe left contact carries a pointer to e (then called atangent-edge) ;¥ a pointer to e if the endpoints of e lie in oppositesides of Q (e is then called a crossing-edge).Note that the contact-record has actually two distinctpointer-fields, and at most one of them has a non nullvalue. From now on, the symbol ˘ will stand for anynull pointer value. xy fe1e2e3e4e5(L)ijk

Figure 6. Contacts. Edge e1 yields (i, 1, ˘, e1) that storese1 as a crossing-edge ; e2 yields (j, 0, ˘, ˘) ; e3 yields twocontacts (j, 0, e3, ˘) and (k, 0, ˘, ˘), the left one stores e3as a tangent-edge ; e4 yields (k , 1, ˘ , ˘ ) ; e5 yields nocontact. Here, we assume that points located �above� theplane Q have positive signed distances.The pseudo-code below shows how to compute andstore (in an intermediate list Lc) all the possible contactsbetween f and Q. For each edge e of f, the signeddistances (with respect to Q ) of both endpoints arecomputed, and their signs tested to detect a possiblecontact.IntersectFacePlane (f: Face, Q: Plane){ Lc := ˘; /* the f/Q contact list */ for each flap of f do { /* Let e (= [p, q]) the attached edge */a := SignedDistance (p, Q) ;b := SignedDistance (q, Q) ;if (a and b have opposite signs) then { /* Compute W = [p, q] ˙ Q ; */l := - a / (b-a) ; W = p + l * (q-p) ; AddContact (W, +1, ˘, e) } else if (a = 0 and b > 0) then AddContact (p, +1, ˘, ˘) ; else if (a = 0 and b < 0) then AddContact (p, 0, ˘, ˘) ; else if (a > 0 and b = 0) then AddContact (q, +1, ˘, ˘) ; else if (a < 0 and b = 0) then AddContact (q, 0, ˘, ˘) ; else if (a = 0 and b = 0) then{ AddContact (p, 0, e, ˘) ; AddContact (q, 0, ˘, ˘) } else /* do nothing */ }return Lc}Face/Plane intersectionNext, all contacts are sorted lexicographically along theline L, by their coordinate triples. Contacts that haveidentical coordinates (they coincide with endpoints ofsome edges of f) are merged into a single contact whichinherits: the common coordinate triple, an index that isthe sum of the indices, and the possible non null edge-pointer (unique if any) of the merged contacts. The upperpart of Fig. 7, below, shows the final index values of themerged contacts.

1245INfONfOUTfINf face f(L)

11211

Figure 7. Classifying L with respect to f.Now, two consecutive contacts i and j implicitlydefine some line segment [i, j] of L, that has a constantclassification with respect to f: the open segment lies

6entirely in the interior, or in the exterior, or on theboundary of f. To classify each segment with respect tof, we just apply the parity principle, as follows: if icarries a non null tangent-edge pointer e, then thesegment is classified O N f (it coincides with thereferenced edge e) ; otherwise the segment is classified IN(OUT) f if the sum of the indices of all the contacts thatprecede j is odd (even). The index field of each contact-record is reused to store the classification result (See thebottom of Fig. 7).Merging two Face/Plane intersectionsAssume each face has been intersected with the plane ofthe other face, as shown above. The resulting contact listsare now merged to obtain the largest line segments of L,that have a constant classification with respect to f˙g.These homogeneous segments are obtained through asimultaneous scanning of the two lists. The classificationof each segment [p, q] (with respect to f˙g) is deducedfrom its classifications with respect to each face, asfollows:¥ If [p, q] is IN f and IN g, it yields a cross-edgebetween f and g. The coordinates of p and q are available.A contact record (p, q, f, g) is created and added to theglobal cross-edge list. Note that, since faces may bemulti-connected, several (maximal) cross-edges may existbetween f and g. However, each cross-edge is computedand stored exactly once.¥ If [p, q] is ON (say) f and IN g, it is a sub-edge ofa certain edge e of f, that lies in the interior of g. In suchcase, a splitting-point record (p, g) is created and added tothat edge e.¥ If [p, q] is ON f and ON g, then there are twoedges of f and g that overlap along [p, q]. A splitting-point record (p, ˘) is created and added to both edges.¥ In each case above, if the contact at p carries a nonnull crossing-edge pointer then the referenced edge e of(say) f strictly intersects the other face g, at p. In suchcase, a splitting-point record (p, ˘) is created and added tothat edge e. If an other contact (of g) exists at p, thatcarries a non null crossing-edge pointer e�, then a similarsplitting-point record is added to the referenced edge e�. Geometrically coincident splitting-points of the sameoriginal edge are merged into a single record that inheritsthe common coordinate triple, and the possible non nullface-pointer (unique if any) of the merged splitting-points.The whole intersection process of f and g, is done inO(N.logN) time in the total number N of flaps of the twofaces.IV.2. Splitting the original boundariesAt this stage, all candidate transversal faces of A and Bhave been intersected. All the possible cross-edges havebeen determined, and each original edge of each solid hasnow a complete list of splitting-points.In this step, all this information is used to split theoriginal boundaries of A and B into non-intersecting parts.An intermediate data structure is used to store a superset of¶(A˙B), consisting in all cross-edges and homogeneoussub-edges of the two solids. From now on, both kinds ofedges will be called superset edges, to indicate that theyinclude the future edges of A˙B.The intermediate data structureSuperset elements to be considered are vertices, edges andflaps. The original faces disappear : what remains fromeach face is the defining quadruple of the oriented plane itlies on.¥

Vertices (original edge-endpoints or new intersectionpoints) are now unique, they are records that store acoordinate triple and a list of pointers to all incident edges.¥

Edges (cross-edges or sub-edges) remain unique, theyare records that store pointers to the left and right verticesand a list of pointers to all incident flaps.¥

Flaps are unique entities that still need a �side� andan edge-pointer, but the face-pointer is replaced by theplane quadruple of some original face of A or B. Anadditional field stores a pointer to the solid (i.e. A or B)the flap belongs to.The Fig. 8 below shows the underlying adjacencygraph (the numbers above the arrows indicate how manyelements may be attached to a given element).VerticesEdgesFlaps

22nm1Figure 8. Adjacency graph of the superset BRep.Generating the intermediate data structureTo generate the superset data structure, the pseudo-codebelow uses the following three primitives:¥

AddVertex takes a coordinate-triple and returns apointer to a unique vertex. Vertices are made unique bymeans of a hash-table that takes coordinate-triples assearch keys ;¥

AddEdge creates an edge between two vertices and addsit to the incident-edge list of each argument vertex. Apointer to the edge is then returned ;¥

AddFlap creates a flap from a tuple (side, edge-ptr,solid-ptr, plane-quadruple) and adds it to the incident-flaplist of the argument edge. Flaps of distinct solids, that areincident to a shared sub-edge and have identical sides andplane-quadruples, are merged into a unique flap. The solid-pointer of the flap is set to a particular value (for instance,˘) to mark it �shared�. Such flaps are detected by meansof a hash-table that takes plane quadruples as search keys.The superset BRep generation is done in three steps:

7First, each cross-edge is created with four incidentflaps, two from each solid, as follows:for each cross-edge record (p, q, f, g){ /* Let Qf and Qg be the face planes */v1 := AddVertex (p) ;v2 := AddVertex (q) ;e := AddEdge (v1, v2) ; AddFlap (-1, e, A, Qf) ; AddFlap (+1, e, A, Qf) ; AddFlap (-1, e, B, Qg) ; AddFlap (+1, e, B, Qg)} Next, the remaining superset edges are generated bysplitting the original edges of A and B. This requiressorting in lexicographic order, by their coordinate triples,the splitting-point list of each original edge. Thefollowing treatment is applied to each solid, successively :SplitSolid (A : Solid){for each original edge e of A do{Sort the splitting-point list of e ;/* Let (p[i])i=1, n be the ordered list */v1 := AddVertex (p[1]) ;for i := 1 to (n - 1) do{ v2 := AddVertex (p[i+1]) ; h := AddEdge (v1, v2) ;for each original flap of A , incident to e do{ /* the flap has a side value s, and belongs to some face f of A, that lies on Qf */ AddFlap (h, s, A, Qf)}if p[i] carries a non null face-pointer g then{ /* h lies in the interior of a face g of B, that lies on Qg */AddFlap (-1, h, B, Qg) ; AddFlap (+1, h, B, Qg )}v1 := v2}}}IV.3. Classifying the superset elementsIn this step, each superset flap is classified with respect toA˙ B, to determine whether it belongs or not to theboundary of A˙B. A new field is added to the flap-recordto store this membership information (coded ON or OFF).Before dealing with the classification we first give somenecessary definitions :IV.3 .1 . D e f i n i t i o n s Shared/Self edges : A superset edge will be said sharedif it has at least one incident flap that belongs to A, and atleast one incident flap that belongs to B. An edge which isnot shared will be said self: its incident flaps all belong tothe same solid, and only to it. For the sake ofconciseness, flaps that are incident to an edge which isitself incident to a given vertex, will be said incident tothis vertex. Similarly, a vertex will be said self if itsincident flaps all belong to the same solid, and only to it. Neighbouring flaps : Each flap of (say) A, incident tosome edge e of A, may be assigned a neighbour at eachvertex v of e. The neighbour is defined as the unique flapof A incident to v, that has the same plane-quadruple Q asthe considered flap. In addition, no other flap, satisfyingthese conditions, exists �between� the flap and itsneighbour: the two flaps enclose the interior or someoriginal face of A, that lies on Q. Each flap has exactlytwo neighbours that are incident to the left and rightvertex of the attached edge, respectively (Fig. 9).

W1W2 vU1U2xy

Figure 9. Each pair (Ui, Wi) gives two neighbouring flaps,incident to the same vertex v.The candidate flaps (i.e. the possible neighbours) canbe easily retrieved by scanning the incident-edge list of v,and retaining for each incident edge e, the incident flapsthat belong to the same solid and have the same planequadruple as the considered flap. In most cases, this leadsto only two flaps, one of which is the desired neighbour.Otherwise, the neighbour is determined by sorting radiallyaround v, the coplanar edges that are incident to v.Hoffmann and al. [7] proceed in a similar way.Remark : There is a convenient way for radial sorting,that specifies angles by means of rational numbers. Eachvector V (with rational coordinates x and y) to be sorted,is assigned a rational number in the interval [0, 8[, actingas the polar angle of V with respect to the x-axis. Thisrational number has the following value: (y/x) if 0£y£x ;(2-x/y) if 0£y and |x|£y ; (4+y/x) if x£0 and |y|£|x| ;(6-x/y) if y£0 and |x|£|y| ; (8+y/x) if y<0£x and |y|£x.IV.3.2. Classifying a superset flapThere are four methods to determine the membershipinformation (ON/OFF) of a given flap. They are listedbelow in increasing computational cost :¥ a shared flap is always marked ON : no computationis needed (recall that a shared flap has a null solid pointer);¥ if a flap is incident to a self edge of (say) A, that hasat least one vertex outside the bounding box of the othersolid B, then the flap is marked ON (OFF) depending onwhether the solid B is unbounded (bounded) : just test the�boundedness� field of B (see Section III.2) ;¥ for a shared edge e, form the list of the flap-vectorsattached to all the flaps incident to e (flap-vectors havebeen defined in Section III.2). Next, sort these vectorsradially around e, within the plane Q that is orthogonal toe and that passes through the middle of e. Within this

8plane, consecutive flap-vectors of the same solid enclose�sectors� (see Fig. 10) that are alternately in the interior orin the exterior of the solid (to decide, consider the outwardnormal vectors carried by the flaps).

A B A˙BFigure 10. Cross sections of A and B around a shared edge.Next, a Boolean intersection between the sectors of Aand those of B, yields sectors of Q that have a constantclassification with respect to A˙B. Each flap incident toe is then marked ON (OFF) depending on whether thecorresponding flap-vector delimits some sector which is inthe interior (exterior) of A˙B.¥ it remains to deal with a self edge e of (say) A, thathas no vertex outside the bounding box of the other solidB . In this case, there is no way to compute themembership information by local computations only :some interior point of e (e.g. the middle) need beclassified with respect to B. Classically, this amounts tocounting the number of times a random ray starting at thispoint, properly intersects (the interior) of the faces of B.Each flap incident to e is then marked O N (OFF)depending on whether the number of ray/face intersectionsis odd (even), i.e. whether the test point is in the interior(exterior) of B .IV.3.3. Propagating the membership informationThere are three simple rules that allow propagating themembership information through the boundary of A˙B :¥ flaps that are incident to the same self edge havenecessarily the same classification ;¥ flaps that are incident to the same self vertex havenecessarily the same classification ;¥ two flaps that are neighbours (of each other) at somevertex have necessarily the same classification.To compute the membership information of all flaps,we proceed as follows: while there still exist flaps not yetclassified, select a flap whose classification is the mosteasily determined, compute the membership information,then propagate it by means of the three rules above.Propagation technique allows a substantial reduction incomputation ; it is also exploited in [10] and [19].Remark: To avoid a redundant computation of theneighbour of the same flap at the same vertex, one mayuse the so-called �attribute-function� technique. Two fieldsare added to the flap-record to store pointers to the left andright neighbours of the flap. Each time the neighbourfunction is called, it first checks whether the desiredneighbour is already computed. If not, the neighbour isdetermined and stored in the corresponding field.IV.4. Generating the BRep of A˙ BTo complete the algorithm, superset flaps that are markedOFF are deleted from the intermediate data structure. Theremaining flaps (marled ON) are used to build the BRep offinal solid S = A˙B. In order to generate (for S) a datastructure like the one of A or B (see Section III.2), weneed to construct the maximal faces of S. This is done bysimply grouping together flaps that have identical planequadruples.Finally, the resulting BRep is �cleaned� by deleting thepossible �useless� edges the algorithm may have produced.Such edges are easily detected because they have exactlytwo incident flaps that belong to the same maximal face.These edges are deleted together with their incident flaps. IV.5. Treating isolated verticesFor the sake of clarity, isolated vertices (announced inSect. II.2) were deliberately omitted in the presentation ofthe algorithm. An isolated vertex of a solid A is theendpoint of some edge of A, that lies in the interior ofsome face f of A. Omitting such a vertex during theintersection of A with an other solid B may lead to aninvalid result A˙B. Suppose A is the non-manifold solidshown in Fig. 11, that has an isolated vertex v in a facef. Let g be a face of B (not represented), that transversallyintersects f. During the intersection of f and g, a cross-edge [p, q] is created even though it contains the vertex v,leading to an invalid edge [p, q] for A˙B (see Sect. III.4).

gpvfqFigure 11. An isolated vertex v.There is a simple method for treating isolated vertices.Assume that for each face f of each solid, we maintain alist ` (f) for all isolated vertices in f (each beingrepresented by a coordinate triple). Each time theintersection algorithm detects a cross-edge [p, q] betweena face f of A and a transversal face g of B, it checkswhether `(f) or `(g) contains some vertex v that lies onthe intersection line L of the face planes, somewherebetween p and q. If so, the cross-edge is stored as twovalid cross-edges (p, v, f, g) and (v, p, f, g), then v isdeleted from the corresponding list.The necessary informations to maintain isolated vertexlists are available as transversal faces are intersected. Notethat this �special� treatment requires only minor additionsto the general algorithm and data structure.IV.6. Evaluating the boundary of CSG solidsWe have actually implemented a solid modeler based onthe intersection algorithm above. It takes as input a CSGexpression that combines simple and bounded polyhedral

9solids (like cubes, or polyhedral approximations ofcylinders, spheres, cones, or tori) through regularizedBoolean operators (˙, ¨, or -) and rigid motions.T o evaluate the whole CSG tree, we used theincremental evaluation strategy [17]. The well known DeMorgan�s laws make it possible to implement thedifference and union operators in terms of the regularizedintersection and complement.Complementing a solid consists simply in : invertingthe �boundedness� field of the solid ; inverting theorientation of each face plane of the solid (i.e. the signs ofthe four coefficients) ; and inverting the �side� value ofeach flap of each face of the solid.V. A LAZY RATIONAL ARITHMETICIn a first implementation we used a pure rationalarithmetic supplied in [16], that has resulted in a veryslow program. The reason stems from that a considerableamount of precise computation is performed even thoughthe exact values are not used subsequently. Moreprecisely, the straightforward use of a rational arithmetichas the following two inconvenients :First, many numerical data (e.g. signed distances,determinants,...) are computed exactly to make geometricdecisions based on a sign determination (e.g. testingwhether a given point lies on a given plane,...). However,the computed value, itself, need not be known if weassume there is some way in which the sign may besafely induced. Karasick and al. [8] use intervals (ofintegers) to surround their determinants, so that an intervalwhich does not contain zero yields the sign of theunderlying determinant with no help of the exact value.Gangnet and al. [4] combine floating-point intervals andexact arithmetic.Second, many geometric data (e.g. vertex coordinates,and plane coefficients) are computed and stored in datastructures, even though they are �thrown� away at the end(e.g. for they are found �irrelevant� to the final result).To take into account the two points above, we havedevelopped a so-called �lazy�1 rational arithmetic [2], thatis based on the following evaluation scheme˚: delay anyprecise computation until it becomes either useless orindispensable. Roughly, each number is assigned a doublerepresentation : a surrounding interval (i.e. two floating-point numbers) that contains the (possibly unknown)exact value, and a symbolic definition that allowscomputing the exact value, when needed.A definition is either a pure rational number(represented in some way), or it is an unevaluatedexpression which represents the Sum, the Product, theOpposite, or the Reciprocal of other lazy numbers.Strictly speaking, lazy numbers form a Directed AcyclicGraph (DAG) rather than a tree, since some nodes may beshared. Each basic operation is generally done in constanttime and space: it simply consists in creating a new DAGnode that stores the operator, pointer(s) to the operand(s),

1 The concept of lazy arithmetic is different from the lazyevaluation paradigm used by some functional langages.and a correct interval that contains the result. The intervalis obtained from those of the operands, through simplecomposition rules rooted from interval arithmetic [9].In most cases, intervals are sufficient to compare lazynumbers. The exact value of a number is never computed,except in the following three cases: 1) we need todetermine the sign of a lazy number whose intervalcontains zero ; or more generally, when we need tocompare two lazy numbers with overlapping intervals ; 2)we need to compute the reciprocal of a lazy number whoseinterval contains zero ; and 3) we need to compute anancestor (within the DAG) of the considered lazy number.Such a lazy rational arithmetic is never moreexpensive than a pure rational one: in the worst case, allcomputations are performed exactly ; in the best case itperforms no exact computation, at all. Anyway, only thenecessary precise computations are done, without thealgorithm having to foresee these computations. Asresult, the task of avoiding numerical errors (and thus,inconsistencies they cause) is transparently handled at alower level, totally independent on the algorithm. The fulldetails on the lazy arithmetic library may be found in [2].VI. INTERFACING OTHER MODELERSOur boundary evaluation method relies on error-freeBoolean operations, that combine rational solid operandsto produce rational solid results. Therefore, to interfacewith existing modelers, there must be ways to convertconsistent rational descriptions of solids to consistent�floating-point� ones, and vice versa.VI.1. From rational to floating-point solidsThis problem is delicate: two distinct rational vertices thatare close to each other may produce numericallyindiscernible floating-point vertices. Thus, degeneratefaces and edges may appear, that destroy the consistency ofthe BRep. The solution may be the so called�consolidation� devised by Segal and Sequin [18].Roughly, it consists in reorganizing the BRep so that�too small features� are eliminated: any boundary element(i.e. face, edge, or vertex) that is within a small regionaround another element, must be either merged with thisnew element, or pulled apart to maintain a minimumseparation from it.VI.2. From floating-point to rational solidsOur solution consists in triangulating the faces of eachprimitive of the input CSG tree. The initial vertices (withfloating-point coordinates) are �rounded� (i.e. forced) to thenearest vertices with rational coordinates. Each triangularfacet lies on a unique plane whose equation may becomputed (exactly) from the three rounded vertices. Theresulting BRep is a rational approximation of the initialprimitive BRep.Sugihara and Iri [21] use the dual solution: theyassume trihedral primitives so that each vertex is specifiedby three concurrent planes. This method requires smallerintegers for the coordinates of new intersection points, butwe found it is not convenient for traditional primitiveslike cones.

10Rational approximations of floating-point numbersmay be obtained through one of the following threepossible methods :Using a discrete integral 3D-gridThe initial vertices are snapped to the nearest points of aregular, integral, 3D-grid whose spacing depends on thedesired precision (as in [5] or [14]). This method alwaysyields rational numbers that are bounded. Assume forsimplicity, that the grid has a spacing of 1, and that theinitial coordinates lie in the interval [0, G], for some bigenough integer G. Each computed plane equation hascoefficients (a, b, c, d) such that: Max (|a|, |b|, |c|) £ 2G2and |d| £ 6G3. Each computed intersection point hasrational coordinates p/q such that : |p| £ 48G6 and |q| £144G7. These bounds do not depend on the size of theCSG tree. We found that for G = 106 (i.e. for a precisionof 1mm in a universe of 1km3), the biggest integer thatmay be encountered cannot exceed 144*1042, which isless than 2147. In these conditions, a fixed length 256-bitinteger arithmetic would be sufficient. However, we foundmore convenient to let open the range of the possible databy allowing unbounded integers, represented as lists ofdigits in some basis.Using the continued fraction algorithmThe continued fraction algorithm allows any real numberx to be represented by a sequence of rational numbers rk,that converges to x. The sequence is finite if, and only if,x is a rational number. In practice, the expansion isstopped at some rank k that achieves some desiredprecision e (i.e. when |x - rk| / |rk| £ e). The higher theprecision is, the finer the rational approximation will be,but the bigger the size of the resulting rational numberwill be.Using the binary floating-point formatFloating-point numbers are rational numbers encoded inthe specific binary format of the computer at hand. Thus,it is always possible to translate this format to any otherformat chosen for rational numbers. In this way one maycapture the whole precision of a floating-point number.However, this method yields very big rational numbers.On the other hand, one must keep in mind that floating-point numbers are just approximations of the real data.VII. EXPERIMENTS AND RESULTSWe have implemented our solid modeler in C++, underDomain Os Ver. 10.4, on an HP/apollo Workstation(CPU 68040, 33 MHz and 16 Mo of RAM). For testingpurposes, the modeler exists in three distinct versions˚: apure floating-point version (F), a pure rational version(R), and a lazy version (L). The goal of this triple versionis to estimate how fast is the lazy version compared withthe rational version, and how big is the overhead for�laziness� as opposed to the standard floating-pointcomputation. Performance evaluation involves several(possibly conflicting) parameters. Thus, we�ll only focuseon two main parameters˚:˚the size of the modeled sceneand the precision at which the initial floating-pointcoordinates are rounded to rational numbers (via thecontinued fraction algorithm CFA).While the rational and lazy versions always run tocompletion and produce consistent results, the floating-point version often crashes when the scene contains�special� cases (e.g. horizontal or vertical faces, or veryclose ties). Sometimes, a slight perturbation of the inputgeometric data (e.g. a small rotation of the CSG tree) issufficient to eliminate all degeneracies. Anyway, theexpected behaviour of the lazy version is performing onlythe necessary exact computations (those that are needed tosolve the �special� cases).To compare the three versions, we have performed aserie of tests that consist in computing the intersection ofa variable number n of cubes centered at the origin andrandomly oriented in space, for different precisions. TheFigure 12 shows the resulting objects for n = 2, 8 and 20.The tables of Fig. 13 (together with the charts of Fig. 14)summarize the execution time (in seconds) of eachversion, for n = 2, 4, ..., then 20, and for an increasingprecision e = 10-3, 10-6, 10-9, then 10-12. The Fig. 14also includes charts to show the variation of the threepossible time ratios (R/F, R/L and L/F).Obviously, the execution time increases as the scenegrows in size (Charts 14a, 14b, 14c). Moreover, increasingthe precision considerably affects the rational version(Chart 14b). Rational numbers quickly grow in size asrational operations are performed (they reach 170 digits intheir numerators or denominators, radix 32768).Asymptotically, the rational version is 1000 (resp. 3000,5000, 9000) times slower than the floating-point version,for e = 10-3 (resp. 10-6, 10-9,10-12) (see Chart 14d). In return, the precision does not affect the lazy version(superposed curves in Chart 14c). Since only a few exactoperations are performed, the biggest rational numbersencountred do no exceed 7 digits. Asymptotically, the lazyversion runs 100 (resp. 300, 600, 1200) times faster thanthe rational version, for e = 10-3 (resp. 10-6, 10-9,10-12)(see Chart 14e).An interesting result is that the L/F time ratio, itself,does not depend on the precision (nearly superposed curvesin Chart 14f). For small scenes (n £ 6), the executiontime in lazy version is dominated par a fixed cost (due tovarious initializations). Then, as n increases, the L/F timeratio asymptotically decreases towards some constant value(» 8), the fixed cost being compensated by the size of themodeled scene.To complete, we have also performed the classical testdescribed in [10] : consider the unit-cube A centered at theorigin, whose sides are aligned with the coordinate axes,and an other cube B obtained by rotating A around eachcoordinate axis, by a small angle a. The modeler isexecuted to compute A˙B for different values of a.Polyhedral solid modelers that accommodate coplanar facescan handle an angle a = 0 degrees as well as large angles,but as pointed out in [10], many commercial modelers failwhen a drops below 2 degrees. More specifically, above acertain angle a2, a correct result is obtained, and below a

11certain angle a1 (<a2), A and B are so similar that themodeler cannot distinguish them (see also [7], [19], [20]).Our lazy solid modeler never breaks (there is no criticalangle a2), while a1 may be made as small as desired, andeven zero if we assume the �exact� rounding methoddescribed in Section VI : the only limitation is due to theprecision (always finite) of the initial floating-point vertexcoordinates. We found that in order to make a1 = 10-4, itis sufficient to take e =10-6.VIII. CONCLUSIONBoundary evaluation algorithms are delicate to implement.Tricky degenerate cases are indirect sources for numericalerrors, and thus for topological inconsistencies. Despite acareful engineering design, commercial solid modelersoften break or fail in producing consistent results. Wehope the solutions proposed in this paper will help inreducing the burden of ensuring consistency in the solidmodeling area. In particular, we think the concept of lazyarithmetic can broaden the application domain of exactarithmetics, especially in geometric algorithms.ACKNOWLEDGEMENTWe wish to thank our colleagues P. Jaillon and J. M.Moreau, and also the anonymous referees for theircomments and suggestions.REFERENCES1B a u m g a r t , B . Winged Edge P o l y h e d r o n Representation. Research Report CS-320, I. A. Lab.,Stanford University, Oct. 1972.2 a Benouamer, M O, Jaillon, P, Michelucci, D andMoreau, J M. A Lazy Exact Arithmetic. Eleventh IEEESymp. on Computer Arithmetic, June 30 - July 2(1993), Windsor, Ontario, Canada.2 b Benouamer, M O, Jaillon, P, Michelucci, D andMoreau, J M. Hashing Lazy Numbers. Inter. Symp. onScientific Computing, Computer Arithmetic andValidated Numerics, Sept. 26-29 (1993), TechnicalUniversity of Vienna (Austria).2 c Benouamer, M O, Jaillon, P, Michelucci, D andMoreau, J M . A Lazy Solution to Imprecision inComputational Geometry. Proc. of the Fifth CanadianConf. on Computational Geometry, Aug. 5-9 (1993),Ontario, Canada, pp. 73-78.3Edelsbrunner, H and M�cke, E P. Simulation ofSimplicity: A technique to Cope with Degenerate Casesin Geometric Algorithms. Proc. of the 4th ACM Symp.on Computational Geometry (1988), pp. 118-133.4Gangnet, M and Van Thong, J M. Robust BooleanOperations on 2D paths. COMPUGRAPHICS�91, Vol 2,Harold P. Santo Ed., Sesimbra (Portugal), pp. 434-443.5G r e e n e , D H and Y a o ,˚F .˚Finite ResolutionComputational Geometry. 27th Symposium of theFoundations of Computer Science (1986), pp. 143-152.6Guibas, L, Salesin, D and Stolfi, J. Epsilon Geometry:B u i l d i n g R o b u s t Algorithms From ImpreciseComputations. Proc. of the Fifth ACM Symp. onComputational Geometry (1989), pp. 208-217.7Hoffmann, C M, Hopcroft, J E and Karasick, M S.Robust Set Operations on Polyhedral Solids. IEEECG&A, 9( 6), Nov. 1989, pp. 50-59.8Karasick, M, Lieber, D and Nakman, L R. EfficientDelaunay Triangulation Using Rational Arithmetic.IBM Research Report RC-14455, #64722, 3/8/89.9Kulisch, U W and Milanker, W L. Computer arithmeticin Theory and Practice, Academic Press, New York,1981.1 0 Laidlaw, D H, Trumbore, W B and Hugues, J F.Constructive Solid Geometry for Polyhedral Objects.Computer Graphics, 20(4), Aug. 1986, pp. 161-180.1 1 M�ntyl�, M and Sulonen, R. GWB: A Solid Modelerwith Euler Operators. IEEE CG&A, 2(7), Sept. 1982,pp. 18-31.1 2 M�ntyl�, M and T a m m i m e n , M . Localised SetOperations for Solid Modeling. Computer Graphics,18(3), 1983, pp. 279-288.1 3 Mehlhorn, K. Data Structures and Algorithms 3:Multidimensional Searching and ComputationalGeometry. Springer-Verlag, Berlin, 1984.1 4 Michelucci, D. Les repr�sentations par les fronti�res:quelques constructions; difficult�s rencontr�es. Th�se deDoctorat, Nov. 1987, Ecole Sup�rieure des Mines deSaint-Etienne, France.1 5 Milenkovic, V J. Verifiable Implementations ofGeometric Algorithms Using Finite PrecisionArithmetic. PhD. Dissertation, CMU-CS-168,Carnegie-Mellon University, 1988.1 6 Moreau, J M. Hi�rarchisation et facetisation de larepr�sentation par segments d�un graphe planaire dansle cadre d�une arithm�tique mixte. Th�se de Doctorat,Novembre (1987), Ecole Sup�rieure des Mines de Saint-Etienne, France.1 7 Requicha, A A G and Voelcker, H B . BooleanOperations in Solid Modeling: Boundary Evaluation andMerging Algorithms. Proc. IEEE, 73(1), Jan. 1985,pp. 30-44.1 8 Segal, M and Sequin, C H. Consistent Calculations forSolid Modeling. Proc. of the First ACM Symposium onComputational Geometry, 1985, pp. 29-38.1 9 Segal, M and Sequin, C H. Partitioning PolyhedralObjects into Non Intersecting Parts. IEEE CG&A, 8 (1),1988, pp. 53-67.2 0 Segal, M . Using Tolerances to Guarantee ValidPolyhedral Modeling Results. Comp. Graphics, 24 (4),1990, pp. 105-114.2 1 Sugihara, K and Iri, M. A Solid Modelling System FreeFrom Topological Inconsistency. Research Memo-randum RMI 89-03, Dept. of Math. Engr. and Info.Physics, Tokyo University, Japan, 1989.2 2 Tilove, R B. Setmembership Classification: A UnifiedApproach to Geometric Intersection Problems. IEEETransactions on Computers, Vol. C-29, Number 10,Oct. 1980, pp. 874-883.

12TESTS AND RESULTS n = 2 n = 8 n = 20Figure 12. Intersecting n cubes centered at the origin and randomly oriented in spaceFigure 13. Execution time (in seconds) of each version. a. Float b. Rational c. Lazy d. Rational/Float e. Rational/Lazy f. Lazy/FloatFigure 14. Charts to show the variation of time and ratios as n varies.

13 Figure 15. Union, Intersection, and Difference of two groups of four prisms. a bFigure 16. a) Union of 5 cubes Ck inscribed in a regular dodecahedron. C0 is centred at the origin, whileCk (k= 1,2,3,4) is obtained by rotating C0 by ak = 2kp/5 around the axis (1, j, 0), where j = (1+

5) / 2 (the golden number). b) Same as in a, but each cube Ck is replaced by a cubic wireframe, by substractingthree prisms. Figure 17. A fractal object (the so-called Figure 18. An architectural shape modeled as Menger�s sponge). a CSG combination of prisms and cylinders