cfl Proceedings of the 9th Canadian Conference on Computational Geometry

Kingston (Ontario, Canada), August 11-14, 1993, pp. 129{134.

Analysis of a class of k-dimensional merge procedures, with an application to 2d Delaunay triangulation in expected linear time after two-directional sorting

Christophe Lemaire^∗ Jean-Michel Moreau^†

Extended abstract

Abstract This paper exploits the notion of “unfinished sites” in the average-case analysis of k-dimensional divide-and-conquer algorithms.

This general result is then applied to the 2D case, and it is shown that the divide-and-conquer construction of the Delaunay triangulation of a set of planar points quasiuniformly distributed in a square may be done in expected linear time after a two-directional preprocessing sort. This method is readily implemented, and, as shown by the easily reproduced results provided, it is one of the fastest worstcase optimal methods ever suggested to construct real-scale Delaunay triangulations in the plane.

1 Introduction

The first worst-case optimal, Θ(n log n), method to construct the Delaunay triangulation in the plane was published in 1980 by Lee and Schachter ([8]). Their method – which will be referred to in the text as “the standard algorithm” – was based on the famous divide-and-conquer paradigm. In 1985, Guibas and Stolfi generalized this method ([6]). Meanwhile, in 1984, A. Maus ([9]) published the first expected lineartime method for constructing the Delaunay triangulation of a site of planar points, using a grid to speed up the location of the closest empty-circle neighbour for any given Delaunay edge.

In 1987, R. Dwyer published an O(n log log n) method ([5]) for the same problem assuming uniform distribution, using a regular grid. In their 1988 paper, [7], J. Katajainen and M. Koppinen introduced a variant of the standard algorithm, based on a regular grid. Their average-case analysis exploited the notion of unfinished sites in a rectangular domain. Finally, R. Dwyer published the first k-dimensional method with expected linear behaviour in 1991 ([4]).

This paper addresses the analysis of k-dimensional divide-and-conquer methods that make use of the no-

∗On leave from setra. Address: cea/mls BP 12, F 91680 Bruyères-le-Châtel. Email: lemairec@bruyeres.cea.fr.

†Address: lisse, ensm.se, 158 cours Fauriel, 42 023 St- Etienne, France. Email: Jean-Michel.MOREAU@emse.fr.

tion of unfinished site and of (balanced) kd-tree based partitioning. Some preliminary definitions and mathematical results are given in Section 2. Section 3 then presents the main result for dimension k, that is exploited, in Section 4, to obtain the construction of the Delaunay triangulation of a set of planar points quasiuniformly distributed in a square, in expected linear time, after a two-directional sort preprocessing step.

2 Definitions and mathematical preliminaries

We first need to prepare the ground for the general analysis of Section 3 by presenting its framework and by giving some preliminary definitions or results that will be required afterwards.

Although the analysis has a wider scope, let us, for the time being, concentrate on the k-dimensional Delaunay triangulation, noted DT (S), of a set S of sites. We shall use the term “triangulation” for ktriangulation (k ≥ 2) throughout this paper.

Assume the sites to be quasi-uniformly distributed on a unit cube U_k. This implies the existence of two strictly positive real constants c_1 ≤ c_2, and of a probability density f such that,

∀X = (x_1, x_2, . . . , x_k) ∈ U_k, c_1 ≤ f(X) ≤ c_2,

and f is null outside the cube. Thus, the probability for one given site to lie in domain D is ∫ D f. 2.1 Unfinished sites

Let us generalize some definitions and statements from [7]:

Definition 2.1 Let T (S_1) and T (S_2) be the triangulations of sets S_1 and S_2. We shall write T (S_1) <_Δ T (S_2) whenever S_1 ⊆ S_2 and T (S_1) contains each edge in T (S_2) the endpoints of which belong to S_1.

Definition 2.2 Let T (S_1) <_Δ T (S_2) be two triangulations and s ∈ S_1. We say that site s is finished in

t c

R_k

s

B_3 p B_2 q

Figure 1: Lemma 2.1.

T (S_1) wrt T (S_2) if the set of edges adjacent to s in T (S_1) and T (S_2) coincide; otherwise, s is said to be unfinished (in T (S_1) wrt T (S_2)).

The first definition induces a partial order in the set of triangulations. Notice that T (S_1) <_Δ T (S_2) does not imply that all edges in T (S_1) belong to T (S_2). Also note that DT (S_1) <_Δ DT (S_2) is equivalent to S_1 ⊆ S_2 if S_1 has a unique Delaunay triangulation.

The two following results are direct consequences of Definition 2.2:

Proposition 2.1 Let T (S_1) <_Δ T (S_2) be two triangulations. A site s ∈ S_1 is finished in T (S_1) wrt T (S_2) if and only if S_1 contains the endpoints of all edges adjacent to s in T (S_2).

2.2 k-partition around unfinished sites

Lemma 2.1 If s is an unfinished site in k-rectangle R_k, at distance t from the boundary of R_k, then there is a k-ball B_2 with radius^t_2 , centered at distance^t_2 from s, with no sites in its interior.

Proof: Referring to Figure 1, if s is an unfinished site in k-rectangle R_k, there is a site q belonging to U_k \R_k such that (s, q) is a Delaunay edge in U_k. Since q lies outside k-rectangle R_k, the length of (s, q) is greater than t. And since (s, q) is a Delaunay edge, we may find a k-ball B_3 with no sites in its interior, and s and q on its boundary. The diameter of this k-ball is thus greater than t. Let c be the center of B_3, and B_2 the k-ball with center lying on segment [sc] at distance^t_2 from s. B_2 is contained in B_3, hence B_2 has no sites in its interior.

Lemma 2.2 Let s be a site, and B_1 the ball centered in s, with radius r_1. Let B_2 be the ball with radius r_2 =^t_2 , and center p at distance^t_2 from s.

s

r_1

B_1 m

p r r_2

o

B_2

F

Figure 2: Lemma 2.2.

Let (s,⃗ı_1, . . .,⃗ı_k) be an orthonormal system of coordinates, with ⃗ı_1 collinear to −→sp and with same direction. Let Ro be the portion of ‘rectangular’ cone with apex s, with symmetry axis ⃗ı_1, included in B_1, and with equation in a generalized spherical coordinate system (ρ, α_1, . . . , α_{k−1}) :

(Ro) ρ < r_1 −^π_4 < α_1 <^π_4 . . . . . . −^π_4 < α_{k−1} <^π_4

then Ro ⊂ B_2 ⇔ r_1 ≤ t 2^{k−12}

Proof: Let us first show that Ro ⊂ B_2 ⇒ r_1 ≤^t_{2 k−12} .

Knowing that Ro ⊂ B_2 implies that, for all α_i = ±^π_4 , m(r_1, α_1, . . . α_{k−1}) belong to B_2.

Now, consider the limiting case where points m are situated on the common boundary of balls B_1 and B_2 (Figure 2). We have : so = r_1 ( √ 2)^{k−1} Since triangles △som and △smr are similar: so sm = sm sr ⇒ 1 ( √ 2)^{k−1} = r_1 t ⇒ r_1 = t 2^{k−12}

whence: Ro ⊂ B_2 ⇒ r_1 ≤ t 2^{k−12} The reciprocal is straightforward.

Corollary 2.1 Consider te (k − 1)-ball b_{k−1} circumscribed to the vertices of the rectangular section F of (Ro). Let (Co) be the cone with section b_{k−1} and apex s. Then, Ro ⊂ B_2 ⇔ Co ⊂ B_2

Proof: Suppose that Ro ⊂ B_2. Ball b_{k−1} circumscribed to F has radius om and center o (see Figure 2).

It is therefore included in the intersection of B_1 and B_2. Hence, cone Co is included in B_2. The reciprocal is straigtforward, since Ro ⊂ Co.

Remark: If Ro is rotated around its symmetry axis, it is still included in Co, and hence in B_2.

Corollary 2.2 If s is an unfinished site inside krectangle R_k, and at distance t from its boundary, then we may find a k-partition of the neighbourhood of s such that at least one of the partitioning k-cells –

each with volume π^{k2} t^k

k2^{k(k+1)2} Γ (_k 2 + 1

) – has no sites in

its interior.

Proof: If s is unfinished, Lemmas 2.1, 2.2 and Corollary 2.1 imply that we may find one open cone wedge Co_s, with vertex s and no sites in its interior. However, Co_s depends on the position of the Delaunay edge originating from s.

We shall then construct a fixed k-partition of ball B_1 and show that, if s is unfinished, at least one of the partitioning k-cells of B_1 has no sites in its interior.

Let (s,⃗ı_1, . . . ,⃗ı_k) be an orthonormal system of coordinates. Chose in Co_s a ‘rectangular’ cone Ro_s such that the (d − 2)-faces of its section are orthogonal to the axes of the co-ordinate system. Using the spherical co-ordinates (ρ, α_1, . . . , α_{k−1}), its equation, in the above co-ordinate system, will be of the form:

(Ro_s) ρ < r_1 a_1 < α_1 < a_1 +^π_2 . . . . . . a_{k−1} < α_{k−1} < a_{k−1} +^π_2

Notice that, if the a_i are judiciously chosen, it is possible to build a partition of ball B_1 with ‘rectangular’ cones Ro.

The number of elements of the paving is equal to the number of faces of an hypercube (a cube is a regular polyedron inscribable in a ball, in all dimensions [2]). The faces of this hypercube differ little from the section of the (Ro)’s. (but are indeed different, except for k = 2)

Let us now consider, more precisely, a paving of ball B_1 with ‘rectangular’ cones Ro with symmetry axes equal to the axes of the co-ordinate system. Imagine that we divide the section of (Ro)’s along all hyperplanes orthogonal to the axes of the referential (except the one orthogonal to its symmetry axis), and containing the center of symmetry of the section of (Ro)’s. This partition yields 2^{k−1} “cells”, each of which being associated to a cone wedge (ro) with vertex s, limited by B_1.

(ro) ρ < r_1 l_1^π_4 < α_1 < (l_1 + 1)^π_4 . . . . . . l_{k−1}^π_4 < α_{k−1} < (l_{k−1} + 1)^π_4

We have found a fixed and finer partition of ball B_1 by 2k × 2^{k−1} = k2^k cone wedges, each with the same volume, for symmetry reasons.

Consequently, (Ro_s) – and hence (Co_s)–, will necessarily contain at least one partition cell (ro_j ) void of sites, whatever the direction of its axis (e.g. set

l_i = ⌈ 4a_i π ⌉). All cone wedges (ro) have the same volume, which is thus equal to the volume of the k-ball centered in s with radius^t_{2 k−12} , divided by (k2^k).

V(ro) = π^{k2} (_t 2^k −1 2 )_k Γ (_k 2 + 1 ) k2^k = π^{k2} t^k

k2^{k(k+1)}2 Γ (_k 2 + 1 ) (where Γ is the second-order eulerian function).

2.3 Probability for a site to be unfinished

Lemma 2.3 Assuming the probability density f to be quasi-uniform with bounds c_1 and c_2, consider rectangle R_k ⊆ U_k in DT (S ∩ R_k) <_Δ DT (S). If s ∈ S ∩ R_k is a site at distance t from the boundary of R_k, then the probability p(C_1) for s to be unfinished in DT (S ∩ R_k) wrt DT (S) is, at most:

p(C_1) ≤ k2^k ( 1 − c_1π^{k2} t^k

k2^{k(k+1)}2 Γ (_k 2 + 1 ) )_{n−1}

Proof: (⃗ı_1, . . . ,⃗ı_k) being the same orthonormal basis as before, B_1, centered in s with radius^t_{2 k−12} , is parti-

tioned by ‘rectangular’ cone wedges (ro_j), j ∈ [1, k2^k]. Using Corollary 2.2, condition C_1 – that s is unfinished in DT (S ∩ U_k) wrt DT (S) – implies condition C_2 – that at least one of the open partitioning k-cells (ro_j ) is void of sites. Hence,

P (C_1) ≤ P (C_2) ≤ k2^k∑

j=1 P (S ∩ (co_j)) = ∅)

= k2^k∑

j=1 1 − ∫ (co_j ) f n−1

≤ k2^k ( 1 − c_1π^{k2} t^k

k2^{k(k+1)2} Γ (_k 2 + 1 ) )_{n−1}

using property f(x, y) ≥ c_1.

R_k

dt

V_t

a_l

s

t

Figure 3: Theorem 2.1

2.4 Expected number of unfinished sites

Lemma 2.4 For integers n ≥ 0 and k ≥ 2:

I^k_n =

∫_1 0 ( 1 − x^k )_n dx = n∏ i=1 ki ki + 1 < 1 k√ n + 1

(proof by induction).

Theorem 2.1 In the setting of Lemma 2.3, if S_k is the surface of R_k, and E(R_k) is the expected number of unfinished sites in R_k, then:

E(R_k) ≤ n k√ n c_2 k√ c_1 S_k k2^{k(k+1)2 k} √ kΓ (_k 2 + 1 ) √ π Proof: Let a_1, a_2, . . . , a_k be the lengths of the sides of k-rectangle R_k. Let a_l be the length of the smallest side of R_k. Consider the elementary volume V_t comprising the points of R_k at a distance between t and t + dt from the boundary of R_k (with 0 ≤ t ≤^{al}_2 ) (Figure 3). Let us call S_t the exterior surface of V_t:

S_t = 2 k∑ j=1 ∏ i≠j (a_i − 2t) ≤ S_k = 2 k∑ j=1 ∏ i≠j a_i ⇒ V_t ≤ S_t × dt ≤ S_k × dt The probability for a given site to belong to V_t is: ∫ V_t f ≤ c_2 × V_t ≤ c_2 × S_k × dt

Using Lemma 2.3, we have the following estimation: E(R_k) ≤ n ∫^al_2 0 k2^k ( 1 − c_1π^{k2} t^k

k2^{k(k+1)}2 Γ (_k 2 + 1 ) )_{n−1} c_2S_kdt

= n c_2 k√ c_1 S_k k2^{k(k+1)2 k} √ kΓ (_k 2 + 1 ) √ π × ∫^al^{√π} 2 k(k+1) 2 kr_{c1kΓ( k2 +1)} 0 ( 1 − x^k )_{n−1} dx

level p level p-1 level 2 level 1

k-rectangle

along i_1

DIVISION MERGE

along i_p along i_3

along i_{p+1} along i_2

cube Uk

Figure 4: Tree representation of divides and conquers according to a balanced kd-tree.

setting x = t k √_{c1πk/2} k2^{k(k+1)2} Γ(^k_2 +1) . Since a_l ≤ 1 et c_1 ≤ 1, we may write:

E(R_k) ≤ n c_2 k√ c_1 S_k k2^{k(k+1)2 k} √ kΓ (_k 2 + 1 ) √ π × ∫_1 0 ( 1 − x^k )_{n−1} dx

≤ n k√ n c_2 k√ c_1 S_k k2^{k(k+1)2 k} √ kΓ (_k 2 + 1 ) √ π using the upper bound on the integral from Lemma 2.4. Hence, E(R_k) = O(^n_k^√_n ×^{c2}_k^√_{c1} × S_k).

Remark: This bound is better than that obtained by Katajainen and Koppinen in the plane [7].

3 Average-case analysis of a class of kdimensional merge procedures using the notion of unfinished sites

In this section, we demonstrate how the previous result may be exploited to analyze certain classes of multi-dimensional divide-and-conquer-type algorithms. Please refer to figures 4 and 5.

Theorem 3.1 Let S be a set of n sites distributed in a k-dimensional unit hypercube U_k, according to a quasiuniform density probability f, with bounds c_1 and c_2 (c_1 ≤ c_2). Consider the following algorithmic scheme:

Divide step: Divide U_k until reaching cells, each containing one single site, using a balanced kdtree ([1]);

Merge step: Then re-construct U_k through successive merges in reverse order (of the divisions).

If merging two subsets takes times proportional to the number of unfinished sites (wrt U_k), then the whole merge phase of the algorithm will be proportional to n.

Slice S_p

N_p = 8 a_p

⃗ı_{p+1}

⃗ı_p a_{p+1} unitary hypercube U_k

k-rectangles merges

N_{p+1} = 4

Figure 5: Merges at level p: Slice S_p with all its (shaded) hyperrectangle constituents.

Proof: Using Theorem 2.1, the running time of the merge phase will be proportional to n k√ n c_2 k√ c_1 k2^{k(k+1)2 k} √ kΓ (_k 2 + 1 ) √ π ∑ k−rect. S

Hence, we must evaluate σ = ∑ k−rect. S, this quantity

representing the sum of the surfaces of all k-rectangles involved in the merges. We shall decompose σ into sub-sums σ_p, one for each merge level p. Let (⃗ı_1, . . . ,⃗ı_k) be an orthonormal basis, such that each axis is orthogonal to one hyperface of U_k. The kd-tree produces a partition of U_k, with n k-rectangles.

Definition 3.1 Let us define slice S_j relative to direction ⃗ı_j as one subset of the hyperrectangles partitioning U_k, such that the orthogonal projection of S_j on either hyperface of U_k orthogonal to ⃗ı_j constitutes a partition of this hyperface.

During the construction of the kd-tree, the division of space – orthogonally to one direction – doubles the number of slices relative to this direction. Moreover, note that the whole rectangular partition for U_k may be itself partitioned into slices with the same direction, whatever this direction. Let us call N_j the number of slices relative to direction ⃗ı_j .

Consider merge-level p. Save for the last level – for which this value is only an upper bound for N_j – a simple induction argument yields: N_j = 2⌈^{p−j+1k} ⌉. Let us now evaluate σ_p by grouping k-rectangles into slices, and this, relatively to all directions. Since the surface of any hyperface of U_k is 1, the overall sum is

equal to 2 k∑ j=1 N_j, whence:

1 2 σ_p ≤ k∑ j=1 2⌈^{p−j+1k} ⌉ ≤ k2⌈^{pk} ⌉ Summing over all h merge-levels yields: 1 2 σ = 1 2 h∑ p=1 σ_p ≤ h∑ p=1 k2⌈^{pk} ⌉ = k h∑ p=1 2⌈^{pk} ⌉

≤ k(k ⌈^h_k ⌉∑ w=1 2^w) ≤ k^22⌈^{hk} ⌉^{+1} ≤ 4k^22⌈^{hk} ⌉^{−1}

Since the division scheme is supported by a balanced kd-tree, its own height h is such that 2^{h−1} < n ≤ 2^h, and hence: k√ n > 2^{h−1k} ≥ 2⌈^{hk} ⌉^{−1} ⇒ σ = ∑ k−rect. S ≤ 8k^{2 k} √ n This implies that the average running time of the merge step is linear in the number of sites. It is, more precisely, proportional to:

n c_2 k√ c_1 k^32^{k(k+1)+62 k} √ kΓ (_k 2 + 1 ) √ π 4 Application: 2d Delaunay triangulation in linear expected time after two-directional sorting

The previous result may be implemented in the construction of the Delaunay triangulation of a set of planar points, after a preprocessing two-directional sort. In general, the optimized algorithm proves to be 2 to 3 times faster than the standard D&C one [8]. For n distincts sites, the total number of edges created and of edges destroyed is close to 4n and n, respectively, and the number of edges of the initial triangulation still valid in the final one is close to 3n.

Extensive tests were conducted on sets of up to seven millions sites, uniformly distributed in a square domain. Both the standard algorithm, and the standard-based optimized algorithm were tested on a Silicon Graphics Indy (200 MHz), and on a Convex C3 super-computer.

We have shown, in Figure 6, the results obtained on the C3. These results strongly corroborate the theory, and show the asymptotic O(n log n) and O(n) behaviour of the standard and optimized versions, respectively (excluding preprocessing sorts). Ohya, Iri and Murota ([10]) have shown that even the averagecase running time for the standard merge step is Ω(n log n).

Figure 6: Comparison of the standard (Lee and Schachter’s) version, and of the optimized version.

We have chosen to measure performance through the total number of edges created by the programs, since the running time for the triangulation is proportional to this quantity. The difference between the running times of both versions becomes perceptible from 60 sites on, and, for 130,000 sites, the optimized version is already twice as fast as the standard one. The difference increases with n.

On a 200 Mhz Indy workstation, 200,000 sites are triangulated in 7 seconds, after a sorting phase of 3 seconds. The rate of triangulation (exclusive of sorting) is about 30,000 sites per second (between 50,000 and 60,000 triangles).

5 Conclusion

The evaluation of the expected number of unfinished sites in a k-rectangle, under quasi-uniform distribution, is an interesting result in itself, that may be used to analyze various algorithms. It may be added to the probabilistic results already obtained by Bern, Eppstein and Yao ([3]) on the Delaunay triangulation in any dimension.

However, the major interest of this result lies in its application to the construction of the Delaunay triangulation in any dimension with a divide-and-conquer algorithm based upon a balanced kd-tree partition scheme. This paper has shown the efficiency of such a scheme in the planar case. The corresponding algorithm is fairly easy to implement, and seems to be the fastest, at least for quasi-uniform distributions, to our knowledge.

One of our next research goals is to prove Theorem 3.1 for other classical distributions. Doing this would give our method a neat advantage over all those based on regular grids.

Another goal is to prove that the method may be applied in k-dimensional setting, to obtain, after multi-dimensional pre-sorting, a triangulation the expected running time of which would be proportional to the number of sites. It would be interesting to compare this method with Dwyer’s ([4]), in which it is suggested to use a pre-partition of the sites based on a regular grid. In 3D, the algorithm is almost established.

Acknowledgments

The authors wish to thank Jacques Hervé for his skill, help and encouragements; Philippe Nouaille for his participation in the coding of the optimized version; Tam Vo-Dinh for making the Convex C3 computer available, and finally Jean-Noël Theillout for letting the first author go on with this work.

References

[1] J. L. Bentley. Multidimensional binary search trees used for associative searching. Commun. ACM, 18(9):509–517, September 1975.

[2] M. Berger. Géométrie III. Convexes et polytopes, polyèdres réguliers, aires et volumes. Fernand Nathan, Paris, 1974.

[3] M. Bern, D. Eppstein, and F. Yao. The expected extremes in a Delaunay triangulation. Internat. J. Comput. Geom. Appl., 1:79–91, 1991.

[4] R. A. Dwyer. Higher-dimensional Voronoi diagrams in linear expected time. Discrete Comput. Geom., 6:343–367, 1991.

[5] R.A. Dwyer. A faster divide-and-conquer algorithm for constructing Delaunay triangulations. Algorithmica, 2:137–151, 1987.

[6] L.J. Guibas and J. Stolfi. Primitives for the manipulation of general subdivisions and the computation of Voronoi diagrams. ACM Transactions on Graphic, 4:74–123, 1985.

[7] J. Katajainen and M. Koppinen. Constructing Delaunay triangulations by merging buckets in quadtree order. Annales Societatis Mathematicae Polonae, Series IV, Fundamenta Informaticae, 11(3):275–288, 1988.

[8] D.T. Lee and B.J. Schachter. Two algorithms for constructing a Delaunay triangulation. International Journal of Computing Information Sciences, 9:219–242, 1980.

[9] A. Maus. Delaunay triangulation and the convex hull of n points in expected linear time. BIT, 24:151–163, 1984.

[10] M. Iri T. Ohya and K. Murota. Improvements of the incremental method for the Voronoi diagram with computational comparison of various algorithms. Journal of the Operations Research Society of Japan, 27:306–337, 1984.